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NORMAL STRUCTURE OF THE ONE-POINT STABILIZER
OF A DOUBLY-TRANSITIVE PERMUTATION GROUP. I

BY

MICHAEL E. O’NAN(1)

ABSTRACT. Let G be a doubly-transitive permutation group on a
finite set X and x a point of X. Let N* be a normal subgroup of G,, the
subgroup fixing x, such that N* is a T.I. set and not semiregular on X — x.
Then, PSL(n, q) C G C PT'L(n, q). Geometrical consequences of this result
are also obtained.

Introduction. In this paper we obtain some general structure theorems
about the one-point stabilizer of a doubly-transitive permutation group. If G
is doubly-transitive on X and x € X, we frequently denote a normal subgroup
of G, by N*. Then, for other y, we define N” so that fNf~1 = N/0O) I
other words, N’ is the unique conjugate of N* lying in G,. Also, N} is the
subgroup of N* fixing y, withy € X — x.

In general we have 1 CN* N N?Y C N3, where all inclusions may be
proper. In the known examples, however, it seems that if N* is intransitive on
X — x, then either N* NN =1forx #y orN)’f =N* N N? for x #y. The
former is equivalent to the statement that N* is a T.I. set in G, the latter to
the statement that N* is a strongly closed subgroup of G, in G.

In this paper we study the case in which N* is a T.I. set. Now if N* is
semiregular on X — x, then N* is clearly a T.I. set. However, this case seems
to be better treated by other means than those we employ herein. Accordingly,
in addition, we assume N)’f # 1, i.e. N* is not semiregular on X — x. We then
prove

THEOREM A. Let G be a doubly-transitive group on a finite set X and
N* a normal subgroup of G,. Assume that N* is a T.1. set in G and N* is not
semiregular on X — x. Then PSL(n, q) C G C PT'L(n, q), n = 3.

The following is an immediate consequence of Theorem A. Block designs
are defined in §1. Usually they are called balanced incomplete block designs
with A = 1.
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2 M. E. O'NAN

THEOREM B. Let B be a proper block design on a finite set X and sup-
pose Aut(B) is doubly-transitive. Assume there is an element f # 1, f € Aut(B),
such that

(i) f fixes x € X and all blocks which contain x, and

(ii) f fixes a point y € X, y # x.

Then B is a projective geometry over a finite field.

In the course of proving Theorem A, we obtain

THEOREM C. Let G be a doubly-transitive group on X and N* a normal
subgroup of G.. Assume |N*|is even and if y € X — x, IN;,‘ | is odd. Then,
if j is an involution in N*,

(i) N*= CNx(j)NJ’,‘, and

Gi) if N;‘ is nilpotent, 0,(N*) # 1.

In the latter case, the structure of G follows from a theorem of Shult [20].
We also note that Hering [19] has obtained a similar result.

The bulk of the work in this paper is connected with proving Theorem A.
We note that in PGL(n, q), n > 3, if we take A™ to be the subgroup consisting
of the identity together with transvections with center x, 4% satisfies the con-
ditions of Theorem A. Moreover, in PGL(n, q),, there is a normal subgroup
N* of order ¢"~!(g — 1), containing A* and satisfying the conditions of The-
orem A. Also, in the groups PSL(3, 2) and PSL(3, 3), there are subgroups not
of the above type which satisfy the conditions of Theorem A. Our main ob-
jective is to recover the structure of the subgroups and obtain the hypotheses
of Theorem A of [11].

§1 consists mostly of general results. In §2, we obtain a proof of The-
orem C. The proof is inductive, relying heavily on the technique of building
smaller block designs in which the hypotheses of the theorem hold.

In §3 we begin the proof of Theorem A. The main fact upon which
most of the subsequent analysis rests is Lemma 3.3, which asserts that N
normalizes N* and for all fENY, f# 1, CNx(f) =N;,‘. In the first half of
this section, we draw some geometric consequences of this lemma.

In the second half of §3, we eliminate the possibility that N* is a
Frobenius group having Frobenius complement NJ’,‘. The proof of this is largely
geometrical. At the end of §3 (Lemma 3.19), we state our major tool for
identifying PSL(n, q).

In §4 we begin the structural analysis of N*. This is done by considering
triples of groups (#, K, L), where L is a proper subgroup of K and H is a sub-
group of Aut(K) having the property that if y EH, o # 1, Cx(p)=L. We call
this triple an (H, K, L) configuration. By Lemma 3.3, with H = N, K = N*,
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and L = NJ’,‘, we have an (V), N*, N;) configuration. By the fact that G is
doubly-transitive, N;‘ = NY,and so H = L. We make use of this side condition.

The main result of §4 (Proposition 4.9) asserts that in an (H, K, L) con-
figuration with H = L we have either

(1) H is a Frobenius complement, or

(2) H is an abelian group, or

(3) both H and K are Frobenius groups and L intersects the center of
the Frobenius kernel of K in a nontrivial manner.

This result dictates the lines of most of our subsequent analysis. In case
(3), if H= N} and K = N*, it follows that G, has an abelian normal subgroup
which is not semiregular on X — x, and by Theorem A of [11], our Theorem A
follows. Thus we restrict our attention to cases (1) and (2).

In case (1), we obtain (Proposition 4.15), in an (H, K, L) configuration
with H = L and H a nonabelian Frobenius complement, that L is a Hall sub-
group of K and has a normal complement in K. Again, using Lemma 3.19, this
result is sufficient to obtain the conclusion of Theorem A.

When H = VY, is abelian of odd order, or has cyclic Sylow 2-subgroup, as
we see in §5, the conclusion of Theorem A can be obtained directly. Accord-
ingly, in the remainder of §4, we assume that the Sylow 2-subgroup of H is
noncyclic and that H is abelian. We impose the additional side condition that
[H, Ni(L)] € L (which we know to be valid when H =N, K = N* and L =
N}’,‘, by Lemma 3.5) and analyze the structure of K. It turns out (Proposition
4.26) that either L <K or K = SL(2, 2%) and H and L are elementary abelian
of order 2%.

Using this specific structural information, in §5 we complete the proof
of Theorem A.

1. Generalities. In this section we consider some general definitions and
properties of permutation groups and block designs. The notations and lemmas
are mostly those of [11]. We review these briefly. Proofs are found in [11].

In the following all groups and sets are finite.

If G is a permutation group on a set X and H C G, by Fy; we mean the
subset of X whose points are fixed by all elements of H. If B C X, Gp is the
subgroup of G which fixes all points of B and G}, the subgroup of G which
fixes the set B. If K C G;, K|B is the permutation group obtained by restricting
K to B. G is semiregular on X if only 1 € G fixes points of X.

A block design B on a set X is a family of subsets B of X with the prop-
erties:

() IfB,, B, €B, |B,|=B,|.

(ii) Every two element subset of X belongs to a unique member of B.
(This would usually be called a block design with A =1.) Ifq, b € X, B(g, b)
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is the unique block of B which contains a and b. B, is the family of blocks
containing a. A block design is proper if 2 < |B] < |X| for B € B. Automor-
phisms of block designs are defined in the usual way.

LemMA 1.1. Let B be a proper block design on X. Suppose |X|=1+n
and Bi=1+sif BE B. Then:
(i) There are (1 + n)n/(1 + s)s blocks in B.
(ii) Every point of B lies in nfs blocks.
(i) n>s + 52,

If B is a block design on X and Y C X, we say that Y is a subspace over
B if whenever BE Band BN Y| >2,then BC Y.

LEMMA 12. If Y, and Y, are subspaces over B, sois Y, N'Y,.

If Xisaset,6(X)={(x, x)I x EX}C X x X.

If G is a doubly-transitive group on a set X, a predesign function for G
is a function A which assigns to each (x, y) € X x X — §(X), a subset A(x, »)
of X, having the properties:

@) &, y1C AR, y).

(i) If z € A(x, y) —x, A(x, ¥) = A(x, 2).

@iii) g(A(x, »)) = Agx), 8(»)), if g € G.
Then we have [11, §1]

LEMMA 13. There is a one-one correspondence of predesign functions
Jor G and systems of imprimitivity of G, on X — x.

LEMMA 14. Let G be a doubly-transitive group on a set X and A be a
predesign function for G. Then one of the following holds:

@) If A(x, y) = AQy, x) for some (x, ) € X x X — §(X), then A(x, y) =
AW, x), for all (x, y) € X x X — 8(X), and the family of sets {A(x, y)} forms
a block design on X preserved by G.

(i) If A(x, y) # A(y, x), then whenever A(a, b) = A(c, d), we have
a=candd € A(a, b) —a.

LEMMA 15. Suppose A is a predesign function for a doubly-transitive
group G on a set X, in which A(x, y) # A, x). Suppose |X|=1 + n and
[AGx, Y)I=1+5. Then:

(i) There are (1 + n)n/s distinct sets A(x, y).

(ii) Every pair of points of X is contained in exactly 1 + s sets A(x, y).

If G is a doubly-transitive group on a set X and N* is a normal subgroup
of G, we define N for other y € X so that fNYf~! = NfO), for fE€ G. There
are two predesign functions associated with N* which will be of particular im-
portance in what follows.
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LeMMA 1.6. The functions

DG, ) =x UfO)NFENT} and Ty, y)=F,
y
are predesign functions for G on X [11, §2].

LEmMMA 1.7. Ty (x, y) = Tn(, x) and the family of sets {T'y(x, y)} forms
a block design on X preserved by G [11, Corollary B1].

More generally, suppose K is a strongly closed subgroup of G, , in G,.
Then K< G, ,, and we may define K(u, v) for other (1, v) € X x X - §(X),
so that gK(u, v)g~! = K(g(u), gv)). Then we have

LEMMA 18. The function Ty (x, y) = FK(x,y) is a predesign function for
G on X and the family of sets {T'x(x, y)} forms a block design on X preserved
by G [11, Theorem B].

LeEMMA 19. If a Sylow p-subgroup of K(y, x) fixes z € X, then some
Sylow p-subgroup of K(x, y) fixes z [11, Lemma 2.6] .

Lemmas 1.7 and 1.8 resemble a result of Witt [18].

LeMMA 1.10. If W is a weakly closed subgroup of ny in G, then the
family of sets {Fc Wc"ll ¢ € G} forms a block design on X, preserved by G.

Actually, Lemma 1.8 can be used to construct such a weakly closed sub-
group.

LeMMA 1.11. Suppose, as in Lemma 1.8, that K(x, y) is a strongly closed
subgroup of G,,, in G,. Set B=Ty(x, y). Then:

i) Wk, y)= M, vyepxB-5( B)K(u, v) is a weakly closed subgroup of
G,y inG.

@ii) If (u, v) EB x B - 58(B), K(u, v) < W(x, y).

(iii) Fyx,y) =B

Proor. We show that W(x, y) is the weak closure of K(x, y) in G,y
Now a conjugate K(u, v) of K(x, ) is contained in G,, if and only if {x, y}
CFrun= Tx(, v). But by Lemma 1.8, {x, y} C 'y (u, v) if and only if
Ix(x, ) =Tk, v) =B. Thus, K(u, v) C G,, if and only if (u, V) €EB x B -
8(B).

Thus, W(x, ¥) = K(u, v)| (4, v) € B x B — §(B)) is the weak closure of
K(x, y) in G,y,and Fy, ., ) =Tg(x, y) =B

Now if (s, ) €EB x B — §(B), K(s, 1)< Gy, and W(x, y) CGg CG,,,
and so K(s, £) < W(x, y). Thus, W(x, y) = My, v)ep x -5 BYKW: V).

REMARK. With B =Tk (x, y) as in Lemma 1.11,if (4, V) €EB x B —
8(B) and (u, v) € B x B — §(B), then K(u, v) = K(u, v"). Thus, the product
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for W(x, y) need be taken only over |B| groups K(u, v), one for each u € B.
Of use will be

LemMma 1.12. NNx(Nij;“') = NNx(N;‘) [11, Corollary B2].
More generally, we have

LemMmA 1.13. Suppose K(x, y) C_Nj,‘ and K(x, y) is a strongly closed sub-
group of G, yin G,. Suppose also that

() K(x, K, x) is a weakly closed subgroup of N;‘K(y, x) in N*K(y, x),
and

(i) K@, x) N N* CK(x, y).
Then N x(K(x, YK, %)) = N, (K (s, ).

Proor. Of course, K(x, y) < G, ., K(y, x) < G,y,and N3 <G, . Also
since K(y, x) fixes x, K(y, x) normalizes N*. Thus, K(x, y)K(y, x), N;K(y, x),
and N*K(y, x) are all groups. Also, since K(y, x) C G, ., K(», x) fixes the set
AyGx, ») - x.

Now the groups N* and N*K(y, x) are both transitive on the set
Ap(x, ) —x =Y. We compare their action on Y. In the first group the sta-
bilizer of the point y € Y is NJ’,‘ and in the second the stabilizer.of y is Ny K(, x).
Now, since K(x, y) is a strongly closed subgroup of G, yinG,, K(x, y)isa
weakly closed subgroup of N in N*. By Witt’s theorem [18], N . K, )
is transitive on Fy(, ) N Y =T (x, y) N Y. By hypothesis, K(x, y)K(y, x) is
a weakly closed subgroup of N;K(y, x) in N*K(y, x). Again by Witt’s theorem,
NN3‘ . (y'x)(K(x, Y)K(¥, x)) is transitive on Fry) N Fxx) N Y =Tk, »)
NTx(@, x) NY. Clearly,

NN"K(y,x)(K(x’ YK, x)) =K@, )V, (K, yIK@, x)).

Thus, NN x(K(x, )K(v, x)) is transitive on T (x, y) N T (¥, x) N Y. Also, by
Lemma 1.8 (since K(x, y)'is a strongly closed subgroup of G,,inG,), Tx(x, )
=Tx(, x). Therefore, NN <K (x, y)K(», x)) is transitive on fx(x, y)yny.

Next, note that N N <K (x, Y)K(y, x)) normalizes N* N (K(x, y)K(y, x)) =
K(x, yYIN* N K(y, x)) = K(x, ) (using hypothesis (ii)). Therefore,

N, x(K@x, yK@, x)) C N, x(K(x, »))-

Since K(x, y) < G,, and K@, x)< Gy N,’f gNNx(K(x, Y@, x))
and NJ’,‘ QNN x(K(x, ¥)). Thus the stabilizer of y in NNx(K(y, x)K(x, y)) is
N7 and the stabilizer of y in NN <K, y)) is N;‘.

It follows that NN <K, VK@, x)) TN N x(K(x, »)), both groups are
transitive on the set ¥ N 'k (x, y), and in both groups, the stabilizer of y € Y
is NJ’,‘. Therefore, NNx(K(x, YX(@, x)) =NN <K& (x, »).

One case under which the hypotheses of Lemma 1.13 are readily verified

xy’

is
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LEMMA 1.14. Suppose N;‘ is p-closed and take P(x, y) to be the normal
Sylow p-subgroup of N;. Then, N, x(P(x, y)P(y, X)) = N, »(P(x, ))-

An interpretation of Lemma 1.13 comes from

LEMMA 1.15. Under the hypotheses of Lemma 1.13, K(y, x) normalizes
NN »(K(x, ¥)) and acts trivially on N x(K(x MIK(x, »).

Proor. K(y, x) normalizes K(x, y) and N*, and so, N v xK&, »)). Thus,
[NV (K(x »)), K(, x)] CN*. Also, by Lemma 1.13, [N x(K(x ), K@, x)]
CK(x. VXK@, x). Thus, [N, «(K(x, »)), K(, x)] CN* N (K(x, K@, x)) =
K(x, y).

We say that a block design B preserved by G is N-admissible if N* fixes all
blocks of B,.

LEMMA 1.16. If G preserves a proper N-admissible block design B, then
N*NN =1,ifx #y;ie, N isa T.I set [11, Lemma 2.8].

LeEMMA 1.17. Either
(i) CWV™) is semiregular on X — x, or
(ii) G preserves a proper N-admissible block design [11, Corollary B3].

2. Theorem C. In this section G is a doubly-transitive group on a set X
and N* is a normal subgroup of G,. We assume that |[N*| is even and N1 is
odd if y € X — x. Thus, N* has involutions and each fixes only x.

We define N” for other y so that fNf~1 = N0 for fEG.

We begin by proving Theorem C(i), namely, if j is an involution of N*,
then N* = CNxG)IV;, ifyex -x.

We take |X| =1 + n. Henceforth, j will be a fixed involution of N* which
interchanges y and z of X — x. Then j normalizes G,,, and since j fixes only x,
(G,,, /? has a unique orbit A(y, z) of odd length. We let |[A(y, z)| =s. Also, j
normalizes NJ’,‘Z. We set ¢t = INJ’,‘z N3 ()I. Since IN;ZI is odd, ¢ is odd.

LEMMA 2.1. If k is an invblution of N¥, y # x, then |j k| is odd.

PROOF. {j, k) is a dihedral group having a unique orbit A of odd length,
since j fixes a single point. Since j fixes x € A and & fixes y € A, |A] = 3.

Let b generate the subgroup of {jk) which fixes all points of A. Set i = bj.
Then i € ¢j, k) — (jk) and i is an involution. Since all involutions of ¢j, k) — (jk)
are conjugate to either j or k, i is conjugate to some involution of N*. Since
JIA=1i]A,i fixes x and so i € N*, Thus, b =ij € N*. Since b fixesy € A,
y#x,b GN}’,‘ and |b| is odd. Since [jk| = [A] Ib], |ik| is odd.

LemMMA 22. Al involutions of N* are conjugate in G, hence in G,.



8 M. E. O'NAN
LeMMA 23. If k is an involution of N* interchanging y and z, |jk| is odd.
ProoOF. jk € N;,‘ and INJ’f | is odd.

LeMMA 24. () If k is an involution of N*' which interchanges y and z, j
and k are conjugate in (G, j).

@ G,, =0(,,)Cs,,0)

(iii) j has st conjugates in (G, J), i.e., st conjugates of j interchange y
and z.

Gv) Ifj' is an involution of N*' which interchanges y' and z', there is an
fEG, such that f~'j'’f =], fx)=x', f{») =', and f() = 2. In particular, N3,
and N;,‘.'z, are conjugates, Cy, x. () and CN; ;z,(/") are conjugates, and
V5, CNxz(l')I =t.

(v) j has (1 + n)st conjugates in G, st conguates in G, .

(i) Cg() is transitive on X — x.

(vii) j is central in some Sylow 2-subgroup of N*.

ProoF. (i) and (ii). If x # x’, by Lemma 2.1, jk is of odd order. If
x =x', by Lemma 2.3, jk is of odd order. Thus, j and k are conjugate in
(G,,, j) and j has a unique conjugate in any Sylow 2-subgroup of (G, j). It
follows that j is isolated and from Glauberman’s Z *-theorem [8], Gy, =
O(Gyz)CGyz(i), and (i) and (ii) follow.

(iii) Let 7 be the number of conjugates of j in (G, j) which fix x. Then
J has sr conjugates in (G, /). Any conjugate of j in (G,,,, /) which fixes x
belongs to (N7, /), the subgroup of N* which fixes the set {y, z}. Since |V}
is odd, 7 = IN, CN;Z(I')I =t.

(iv) Since G is doubly-transitive on X, there is a g € G such that g() =,
g(z) =z'. Then g~'j’g interchanges y and z. By (i), there is an h € G,,, such
that h=1g=1j'gh =j. Then, (gh)y) =y', (gh)(z) =2, and (gh)(x) =x'. Setting
f=gh, (v) follows.

(v) We count in two ways, the pairs (k, {a, b}), where k is an involution
of N¢ interchanging 4 and b. If  is the number of conjugates of j, this number
is (yn)/2. Now X has (1 + n)n/2 two element subsets and by (iii) each two
element subset is fixed by st conjugates of j, this number is also ((1 + n)n/2)(st).
Thus, ¥ = (1 + n)st.

(vi) We consider G as a transitive permutation group on X *, the family
of two element subsets of X. Then G*y, .1 is the subgroup of G fixing {y, z} €
X*. Ifj and k, a conjugate of j, fix {y, z} , by (i), j and k are conjugate in
G‘{"y.z}. By Witt’s theorem, Cg() is transitive on the two element subsets of X
fixed by j. Asj is itself transitive on each such two element subset, C;()) is
transitive on X — x.
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(i) (1 + n)st is odd.

LEMMA 25. Let p be an odd prime divisor of lez | Then j normalizes
some Sylow p-subgroup P of Gy z
Thus any conjugate of P is normalized by some conjugate of j.

ProoF. Take Q a Sylow p-subgroup of ngz(]). Then QO(G,,,) contains
a Sylow p-subgroup of G, , and j normalizes QO(Gyz). Since IQO(Gyz)I is odd,
j normalizes a Sylow p-subgroup of QO(Gyz), and so also one of Gy,-

LEMMA 26. Let p be an odd prime and P a Sylow p-subgroup of G,
If lel is even, IF,,l =2.

ProOF. By Lemma 2.5, we may assume j normalizes P. Set A = Fp. By
Witt’s theorem, Ng(P)|A is doubly-transitive.

We claim: j|A is an isolated involution of N (P)|A.

Suppose not. Then, j has some conjugate k in N (P) such that ¢j, k)| A is
a four group. Then, since ¢, k) is dihedral, there is some involution i € j, k),
such that 7 is conjugate to j and ¢j, i) is a four group. Since ij =i, i fixes x and
s0 i € N*. Thus, (i, ) C N*.

Thus ¢, i) € Ng(P) and P is of odd order. It follows then that P =
Cp(DCp(@)Cp(if). Since i, j, and jj fix only x, Cp(), Cp(@), Cplif) € G,.. Thus,
PCG,. Thus,x € A. Since j fixes A, |A| is odd, contrary to hypothesis.

Therefore, j| A is an isolated involution of the doubly-transitive group
H=Ng(P)A. By Glauberman’s Z*-theorem, H = O(H)Cy(). Since H is doubly-
transitive on A and |A| is even, O(H) = 1. Thus, j|A € Z(H). Thus, |A] = 2.

The same proof yields

LEMMA 2.7. Let W be a weakly closed subgroup of odd order of Gy 2 in
G. If |Fylis even, |Fy| =2.

LEMMA 28. Let p be a prime dividing s. Let P be a Sylow p-subgroup
of G,,,, then |Fp| =2,and n = 1 (mod p).

PROOF. Since G, has an orbit of length s, p # 1. By Lemma 2.6 it
suffices to show that |Fp| is even.

Suppose |Fp| is odd and take j normalizing P, as we may by Lemma 2.5,
Since Fp is odd and fixed by j, x € Fp. Thus, P fixes x € A(, 2).

But G, is transitive on A(y, z), and so all orbits of its Sylow p-subgroups
will be of length divisible by p [16, p. 6]. Thus, P can fix no point of A(y, 2),
and |Fp| is even.

Since [X] =1 + n, it follows that p|(n — 1).
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LEMMA 29. Let p be a prime dividing s. Then NJ’,‘ contains a Sylow
p-subgroup of N*.

PrRoOF. Take R a Sylow p-subgroup of N*. By Lemma 2.8, R fixes some
YEX-xandsoR C_N;. Since all N; are conjugate under G, and N* G_,
each N;‘ contains a Sylow p-subgroup of N*.

THEOREM C (). N* = NJ’fCNx(j).

Proor. We show that N; acts transitively by conjugation on C, the class
of conjugates of j under N*. Let m = |C|. Let [ be the number of N; conjugates
of j. Thenl<m.

Since N* < G, and G, acts transitively on the st involutions of N*, m|st.

Let p® be the highest power dividing m of some prime divisor p of m.

If pls, take P a Sylow p-subgroup of N;f. By Lemma 2.9, P is a Sylow
p-subgroup of N*. Thus, all orbits of P on C are of length divisible by p®
[16, p. 6]. Therefore, p®|L

Ifpls, thenpltandt= IN;‘,Z: CNxz(i)I. Since j normalizes!\'iz of odd order,
there is a Sylow p-subgroup R of N" normalized by j and containing a Sylow
p-subgroup of CNx (). Then p® IR Cr M.

We claim: all orbits of R on C are of length divisible by p®.

If this is not the case, there is some k € C, such that |R: Ch(k)| =
and B < a. Set Q = Cp(k) and z' = k(y). Then Q C N% ,andQCCNx (k)
But since CNx () and Cy x (k) are conjugate by Lemma 2.4(iv), this is 1mpos-
sible, as thelrySylow subgrgfxps are of order |R|/p® and pY > |R|/p® > IR|/p®,
respectively.

It follows that p®|l, since R is contained in some Sylow p-subgroup of N;.

Therefore, m|l amd since I<m, | =m.

CorOLLARY Cl. If N* is semiregular and X — x, all involutions of N*
are contained in Z(N*).

We shall show next that if N is nilpotent, 0,(N*) # 1. In the remainder
of this section we assume then, in addition to our other hypotheses, that N;f is
nilpotent. We prove 0,(N*) # 1 by induction on |X|. We begin with a pre-
liminary lemma.

LEMMA 2.10. Let B be a block design on X and suppose if B € B, |B| is
odd. Suppose j is an involution of Aut(B) fixing a single point x of X. Then
j fixes all blocks of B whcih contain x.

ProoF. Let B, B,, ..., B, be the blocks of B which are fixed by j.
Since |B;| is odd and j fixes only x, x € B;, for all i. Since B is a block design,
B; nBj={x} ,if i #7].
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Now if y € X — x, j fixes the block B(y, j(»)), as j fixes the set {y, j(»)}.
Thus, y belongs to some B;. It follows that X = UB,-. Thus, B,, ..., B, ex-
hausts B, and the lemma follows.

LEMMA 2.11. O,(N*) +# 1 if and only if all involutions of N* commute
with each other.

ProoF. Clearly if all involutions of N* commute, 0,(N*) # 1. So sup-
pose O,(N*) # 1. Then Z(0,(N*)) char N* and so Z(0,(N*) < G,. Now
Z(0,(N™)) contains some involution and by Lemma 2.2, G, acts transitively by
conjugation on the involutions of N*. Thus all involutions of N* belong to
Z(0,(N*)) and so commute.

LEMMA 2.12. Let K(x, y) be a strongly closed subgroup of G,., and sup-
pose |K(x, y)| is odd. Then either

(i) K(x, y) fixes exactly two points, or

(i) O,(N*)#1and [Q,(Z(0,(N¥))), K(x, )] = 1.

Proor. With Iy (x, y) = Fg (., ), by Lemma 1.8, the family of sets
B = {T'x(x, »)} forms a block design on X preserved by G. Suppose K(x, y)
fixes more than two points, so [Ty (x, ¥)| > 2. Set B =Ty (x, »).

By Lemma 1.11, W(x, y) = M, ves XB—S(B)K(u' v) is a weakly closed
supgroup of G, in G, IW(x, ¥)I is odd, as each |K(u, v)] is odd, and Fy,y) =
B. By Lemma 2.7, |B] is odd.

Let 7% be the subgroup of N* which fixes all blocks of B,. Then T*<
G, and by Lemma 2.10, T* contains all involutions of N*. If B' € B,, then
Gp1B' is doubly-transitive and T*|B' < (Gj|B'),. Since T* C N¥, T} is nil-
potent if y € X — x. By induction all involutions of T7%|B' commute. Let k,
and k, be two involutions of N*. Then k,, k, € T* and [k,, k,]IB' = 1.
Since B' is any block of B, [k,, k,] = 1. Thus, by Lemma 2.11, O,(N*) # 1
and Q,(Z(0,(N*))) fixes all blocks of B, .

Since Q,(Z(0,(N¥))) fixes B, [Q,(Z(0,(N*))), Gg] € Gg. Since
Q,Z0O0,N*N <G, and G5 C G, [Q,(Z(0,(NY)), G5l C Q,(Z(0,(N¥))).
Since all involutions of N* fix only x and |B| = 3, Q,(Z(0,(N*))) NGz =1.
Since K(x, y) C Gg, [Q,(Z(0,(N¥))), K(x, y)] =1.

Immediately from Lemma 2.12 we have

LEMMA 2.13. Let P(x, y) be the Sylow p-subgroup of N;. Then either
(i) P(x, y) fixes exactly two points, or
(i) 0,(N*)# 1 and [Q,(Z(0,(N¥))), P(x, )] = 1.

In Lemmas 2.13 to 2.17 we assume O,(V*) = 1 and obtain a contradiction.
Already by Lemma 2.13 we know that each Sylow subgroup of NJ’f fixes exactly
two points.



12 M. E. O'NAN

LEMMA 2.14. N;‘ is a p-group.

PrROOF. Let P(x, y) be the Sylow p-subgroup of N;,‘. By hypothesis
Px, y)d] Nj’f. Since P(x, y) fixes exactly x and y, NN <P, »)) = NJ’,‘. Thus,
N)’f is a nilpotent group which is the normalizer of each of its Sylow subgroups.
By a result of Wielandt [17], if [V} has two distinct prime factors, N3 has a
normal complement K* in N*. Then K*char N* and so K* < G,. Also, K* is
semiregular on X — x. By Corollary Cl1, 0,(K*) # 1, and so 0,(N*) # 1, con-
trary to hypothesis.

Lemma 2.15. pls.

ProoF. Since G,,, fixes the set A(x, ) C X - {x, »}, N;,‘ fixes this set.
Since N;,‘ is a p-group and fixes exactly the points x and y, p||A(x, )| and so
pls.

LeEmMA 2.16. ON*) = 1.

ProOOF. Suppose not and take 4* a minimal characteristic subgroup of
O(N*). By the Feit-Thompson theorem, A* is elementary abelian of order some
power of r, where r is an odd prime.

Since A* < G, rin. Since pls, by Lemma 2.8, pin — 1. Thus,p #r.

Since N* = N;,‘ CN x() and N7 is a p-group, j has D" conjugates under N*.
Since A¥ <4 N* and r # p, A centralizes all conjugates of j under N*. Thus,
M= CNx(A") is of even order. As A*char N*, M*char N* and M* < G,.

We claim that M* is semiregular on X — x.

If not, M;,‘ # 1, for y € X — x. Then, since A* centralizes M;,‘, A,(x, )
C Iy (x, ) CX. Thus, [Ty(x, »)I =1 +r. Also, M; is a strongly closed sub-
group of G, , in G,. By Lemma 2.12, a contradiction results for 0,(N*) = 1.

Since M* < G, , IM*| is even, and M™ is semiregular, by Corollary C1,
0,(M*) # 1. Again a contradiction results. Thus, O(V*) = 1.

LEMMA 2.17. Take K* a minimal characteristic subgroup of N*. Then
K* is a nonabelian simple group.

PrOOF. Since O(NV*) =1 and 0,(N*) = 1, K* is the direct product of
isomorphic, nonabelian simple groups, and K* is of even order. Since G, acts
transitively by conjugation on the involutions of N* it acts transitively on those
of K*. Thus, K* has only one direct factor.

We now obtain a final contradiction to O,(N*) # 1. Clearly, K; isa
p-group. By Theorem C(i), K* = CKx(j)K;. Thus, j has p® conjugates under
K*. By a theorem of Burnside [5, p. 322], j is central in some homomorphic
image of K*, in contradiction to the simplicity of K*. It follows:
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THEOREM C(ii). If NJ is nilpotent, 0,(N*) # 1.

3. N* aTL set, In this section we assume G is a doubly-transitive group
on a set X, x € X, and N* is a normal subgroup of G,. In addition, we assume

(i) N* isa T.L set, and

(ii) N* is not semiregular on X — x.

As usual, N”" is defined for other y € X, so that fN?f~1 = Nf("), By (i),
N* NN =1if x #y. In addition, ify € X — x, NJ’faé 1, by (ii).

In this section we derive most of the fundamental facts which are used in
the proof of Theorem A.

LemMA 31. IfACN*, A#1,Ng(4)CG,.

PrOOF. Take f € Ng(4). Then, A CN* N NF®), Thus, if f(x) # x,
N* N NF&) &£ 1, a contradiction. Thus, f(x) = x and N;A4)CG,.

N; QG,,, and [N, N3] = 1.

PrOOF. N; =N*N G,.<G, N G = ny. Likewise, N7 < ny.
Since Ny NN} CN* NNY =1, | 5Nyl = 1.

The following is the foundation on which most of the subsequent analysis
is based.

LemmA 33. N normalizes N*. If f € N}, f # 1, C, x(f) = N;.

ProoF. Since N} C G,, N} normalizes Nj. By Lemma 3.2, [N}, N]=1
Thus, N C CNx(f). On the other hand, as f # 1, by Lemma 3.1, CNx(f) c
N* N Gy =N;.

LemMmA 3.2 N;‘ 4G

xy’

Lemma 34. Suppose that K(x, y) C N}’,‘ and K(x, y) is a strongly closed
subgroup of G, in G,. Suppose also that K(x, y)K(v, x) is a weakly closed
subgroup of N;,‘K(y, x) in N*K(y, x). Then:

@ Ny 2K, ») =N, (K YK, x)).

(ii) K(v, x) normalizes N N «(K(x, ¥)) and acts trivially on

N K, »))K(x, y).
N

ProOOF. This is immediate from Lemmas 1.13 and 1.15, since in this
case, K(y, xX) N N* C N N N* =1 CK(x, y).

In particular, it follows that

LeMmA 35. N, xV3) = N, x(NyNY) and N} acts trivially on
NN *(ND)IN3.

LemmA 36. Suppose N;‘ is an abelian group and P(x, y) the Sylow p-sub-
group of Ny, and P(x, y) = QP(x, y)). Then N, x(P(x, y)) = Ny x(V3).
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PROOF. Since Py(x, y)char NJ’,‘, NN x(NJ’f) C_NN x(Pyx, ¥)). To prove the
opposite inclusion we first show, using Lemma 3.4, that N Nx(Pi(x, VP, x)) =
Ny =B ).

We first show that P(x, y) is a strongly closed subgroup of G, in G, .
Suppose g € G,.. Then gP,(x, y)g~! C N*, as P(x, y) CN* and N* < G,.
Thus, G,., N (gP(x, »)g~ ') CG,,, N N* = N}. ButgP(x, y)g~ "' is a p-group
of exponent p*, and so G,y N (gP,(x, e~ H C P(x, y). Thus, Pi(x, y)isa
strongly closed subgroup of G, in G,,

Now [N%, NJ] =1, by Lemma 3.2, and so, as P,(y, x) € N},

Py(x, )Py, x) is &; of a Sylow p-subgroup of NyP,(y, x) = NJ x Py, x).
Thus, P(x, y)P,(y, x) is a weakly closed subgroup of NJP,(y, x) in N*P(y, x).

By Lemma 34, N N <(P{x, y)P,(y, x)) =NN x(P{(x, )). Thus NNx(Pi(x, »)
normalizes CN x(P{x, y)P,(y, x)). By Lemma 3.3, CNx(P,.(y, x)) = Nj,‘. Since
N} is abelian, Cy <(Pix, )P, x)) =N"y. Thus N N x(P;(x, y)) normalizes NJ’f
and so N, <Px, ) CN o N73), and Lemma 3.6 follows.

In what follows we essentially reduce the structure of N* to one of two
cases. In the first of these cases N* has an abelian characteristic subgroup 4*
and 4* N N}’f # 1. Thus, G, has an abelian normal subgroup which is not
semiregular on X — x. By Theorem A of [11], it follows that PSL(n, q) C G C
PT'L(n, q), and we obtain our Theorem A. In the second case, replacing N* by
a characteristic subgroup K*, we may assume that K;f is cyclic of prime order,
K;‘, is a Sylow p-subgroup of K* and has a normal complement in K*. We shall
show next that this latter case leads to a contradiction.

LEMMA 3.7. G does not have a regular normal subgroup. G, considered
as a permutation group on X — x does not have a regular normal subgroup.

PROOF. Suppose G has a regular normal subgroup 4. Then 4-N* <G,
as N* A G,. Now (4:N*), = N*,since 4 is regular. Thus, (4 -N¥),, =N},
Since A is transitive, 4 *N* = AN”. Thus, (AN”), = N? and (AN?),, = NJ.
Thus, N, = N}. Since Nj # 1 and N* N0 N?Y =1, this is impossible.

Suppose next that G, has a regular normal subgroup. Since G does not
have a regular normal subgroup, it follows from results of Hering, Kantor, Seitz
[10] and Shult [13], that the minimal normal subgroup of G is PSL(2, q),
Sz(g), PSU(3, q), or a group of Ree type. In all of these cases, the two point
stabilizer of G is some subgroup of the holomorph of a field having r elements
(r = q2, if PSU(3, q) < G, otherwise r = q). Moreover, the two point stabilizer
of G has a cyclic normal subgroup T, where |T| > (r — 1)/3. Since N;N,"’ <6,,
and N;f N N} =1, it follows that Njf is cyclic, and as we wish to show N* N
N # 1, we may assume NJ’f is cyclic of prime order.

x o x x . . x -
If Ny N T =1, since Ny < ny, Ny centralizes T. Since Ny induces a
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field automorphism of T, (r — 1)/3 <r'/2 — 1. Thus,r'/2 + 1< 3,0orr < 4.
Since G has no regular normal subgroup, it follows that PSL(2,4) C G C
PrL(2, 4), or G = PT'L(2, 8), the smallest Ree group. In these cases, clearly
Ny =N;.

Thus NJ’,‘ C T. Likewise, N) C T. So Ny = N7, contrary to N* N N? = 1.

In the remainder of this section we assume that NJ’,‘ is cyclic of prime order
D, that N;‘ is a Sylow p-subgroup of N*, and that N; has a normal complement
M* in N*. We assume N* N MY =1 and derive a contradiction.

Clearly, M* < G, and M* is semiregular on X — x.

LeEMMA 38. N¥* is a Frobenius group with kernel M* and complement N;‘ .

Proor. It suffices to show Cpx Nj)=1 SetT= Cpx N3). Since M*
<G,, N normalizes M*. Since N? normalizes NJ’f, N} normalizes T. Thus,
[T,N]CT

On the other hand, by Lemma 3.5, [N, N, x(V})] € N3, Thus, [N, T]
Q_N;. Since TﬁN;,‘ cM* ﬂNJ’,‘ =1, [N}, =1. By Lemma 3.3, T C N%,
and so as TﬂNJ’f= 1, T=1.

Now by Lemma 1.7 the fixed point sets {I'y(x, ¥)} form a block design
B on X preserved by G. We suppose [X|=1+n,if BEB, |B|=1+1, and
IM*| =m. Thus, since Nj,‘ fixes exactly one point of each orbit of M*, n = ml.
For the same reason it follows that M* is sharply transitive on the blocks of
B,. By Lemma 3.7, we may assume [ > 2. Thus, B is a proper block design.

LemMA 39. Cg, (M) is semiregular on X - x.

ProOOF. Suppose not. By Lemma 1.17, there is a proper M-admissible
block design C. Suppose if CE€ C, |C] =1 + k. Since M* fixes all blocks on
C,» m <k. Thus,n <lIk.

Since the block designs B and C are proper, by Lemma 1.1(ii), 1 + k <
nfk and 1 + 1< n/l. Taking d as the larger of the numbers k and /, it follows
that n/d < d and 1 + d < n/d, a contradiction, and Lemma 3.9 follows.

LEMMA 3.10. Let B be a block of B and V a subgroup of Gg. Then

() Fy is a subspace over B, Ce, (V) is transitive on the blocks of B,
contained in F\, for each x € B, and C(V) is transitive on the blocks of B
contained in Fy,.

(i) If B C F,, C;(V) is transitive on F,.

Proor. Take x € B. Since V fixes x, V normalizes M*. We consider
the action of M*¥ on the blocks of B,. Since M* is sharply transitive on the
blocks of B,, V is the subgroup of M*V fixing the set B € B,.. Now the
representation of M*V on the blocks of B, is faithful. Indeed, let T be the
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subgroup of M*V fixing all blocks of B,. Then T C V as T fixes B, and T <
M*V. Thus N(T) is transitive on the blocks of B, and T fixes all points of B,
so T fixes all points of X, and so T=1.

Therefore, M*V acts faithfully on the blocks of B, and has a regular normal
subgroup M*. Thus, CM x(V) is transitive on the blocks of B, fixed by V. Thus,
if y is any point of Fy,, B(x, y) C Fy,, as V fixes B(x, y).

Therefore, any point y of Fy, is contained in some block C contained in
Fy. By the same reasoning if z € F}, — y, B(y, z) C Fy,. Therefore, Fy, is a
subspace over B and CMx(V) is transitive on the blocks of B, contained in Fy,,
for any x € Fy,. Thus, C;(V) is transitive on the blocks of B in Fj,.

Suppose now B C F,. Let t be the number of blocks of B, contained in
Fy, for x € F;,. Then ICMx(V)I =t>1,as B C F,. Moreover, CMx(V) is
semiregular on Fy, —x. Since this is true for each x € F, it follows (see e.g.
[11, Lemma 4.9]) that C;(V) is transitive on Fy,.

LEMMA 3.11. Let B be a block of B, x € B, and V a subgroup of Gp.
Set H=Gg. If C, x(V) # 1, then Cyy(V) is transitive on B.

Proor. Since V fixes all points of B and CM s(N)#1,F, DB. Let
L =Cz(V)IF,,. By Lemma 3.10, L is transitive on F, and L, on the blocks of
B, contained in F), for each x € F},. We show that L} is transitive on B.

Let [F|=1+mand |B|=1+ L Then IL:L,|=1+ m, and by Lem-
ma 1.1() and (id), IL, : (L, )gI=m/l and |L: L}| = (1 + m)m/(1 + I)I. Thus,
A+DIL:Lgl=IL:L L, T)F=IL:L )} Sol+1= ILE : (LR

Now we fix a block B containing x and y. We let W be the weak closure
ofN;,‘ in ny. By Lemma 1.11, W = H(u,v)EBXB-&(B)N:)‘° Since Nj; < W, if
(u, v) €B x B - §(B) and N is cyclic of order p, W is an elementary abelian
p-group. Since F), =B, Nj= N4, if (u, v), (4, v') € B x B - §(B). Therefore,
for each u € B, there is a unique N} contained in W. If (4, v) € B x B - §(B),
we take U, = N,. The collection U,, u € B, we denote by (. Since N* N
N =1ifx#y,|Ul=IBl=1+1 Sincel>2, W is noncyclic and spanned
by U.

Set H= G;. Clearly, W<t H. Moreover, the action of H on B is equiv-
alent to its action on U induced by conjugation of W. We let H = H/Cy(W).

By UV we mean the collection of maximal subgroups ¥ of W such that

CMx(V)a& 1.
LemMMA 3.12. IfUE Uand VE Y, then UNV = 1.

Proor. It is sufficient to show that CM »(O) = 1. Indeed, if U= NJ’,‘,
C,;x(U) =1by Lemma 3.8. If U= N; for some z # x, then since C;(VZ) C
G, by Lemma 3.3 and M* is semiregular on X — x, again CM U)=1.
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Lemma 313. N yveyV =1

PrOOF. Set T=[),c,V. Since Nj acts without fixed points on M*,
by Thompson’s theorem, M* is a nilpotent p'-group. Take RyCR,C...C
R, =M™, a chief series for M*W passing through M*. Then, R, ,/R; is abelian
and W induces a cyclic group on R;, l/R,., and the kernel of the action is some

V€V, as M* is a p'-group. Since T C W C G, ,, by Lemma 3.9, T=1.

LemMA 3.14. C(V) is transitive on U foreach VE V.

This is immediate from Lemma 3.11.
We let E be the field with p elements, E¥ its multiplicative subgroup.

LeMMA 3.15. Let V be a maximal subgroup of W and K a subgroup of
Aut(W) which centralizes V. Let Q be an orbit of K on W — V.

Then, there is a subgroup Py, of V, a point x EVandy EW - V, and a
subgroup D of E¥, such that Q = {x + \y + P,|\ € D}. Moreover, if S spans
W, IW: Py| <p2.

PrROOF. Suppose [W| =p”, and L is the subgroup of Aut(W) which cen-
tralizes V. Then L has a normal subgroup of Q of order p"~! consisting of
linear transformations of the form T, (z) =z + f(z)u, where f is a fixed nonzero
linear functional of W which annihilates ¥ and u is any element of V. Then
Tuy + Tup =Ty 4u, and L/Q = E*,

Let R =K N Q. Then there is a subgroup P, of ¥ such that R =
{T,luePy}. Also,K=R ‘D, where D is cyclic of order dividing (p — 1).
Then there is a point y € W — ¥ and a subgroup D C E¥, such that D, con-
sists of the transformations S,, A € D, and S, (») = Ay, and S\@)=zforzeV.

The orbit of y under K is then Ay + P,,| \€ED}. If nowt € Q, t =
x + py, for some x € V and u € E¥. Since the transformations of K fix x,
replacing y by uy, @ ={x + Ay + P, | A\ € D}.

Since Py, is a subgroup of W, if Q spans W, [W: P,| < p?.

LEMMA 3.16. Suppose V;, V, €  and set K| = Cy(Vy)and K, = Cx(V).
With Py and Py, as in Lemma 3.15, we have Py, =Py,.

Proor. Letu € U€ U. We consider the orbits , and £, of K ; and
K, onu. By Lemma 3.14, K, and K, are transitive on U and so {uQ, |u € E¥}
={uf, luE E*}. With X1, Y1 X3, ¥4, Dy, Dy, as in Lemma 3.15, it follows
that

# - #
fxy + Ny, + B, IREEFAED )= {ux, + 2wy, +B, IHEE*,\ED}.
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We consider the image of each of these sets in W/Py . If b and B are elements
or sets of W, we denote their images in W/PVl by b and B. The image of the
first set is {wx, + Ny, | u € E¥ A€ D,}. Ifx, € Py, this set has p — 1
elements. Otherwise, as y, € (x, Py l) C V,, the set has (p — 1)|D, | elements.
The image of the second set is {uX, + Ny, + Py | u € E¥, N €D,}. If t be-
longs to this set, so does ¢ + Py,. Thus, if Py, € Py, the number of ele-
ments of the second set is divisible by p, a contradiction as both sets have the
same number of elements. Thus, Py, C Py, . Likewise, Py, C Py, and Lem-
ma 3.16 follows.

LemMMA 317. [WI=p*and P, =1if VE V.

Proor. If for some Vo € V, Py # 1, then for all V € V,Py =Py,
by Lemma 3.16, and since P, C ¥, Pyo c nVeVV. By Lemma 3.13 this is
impossible. Thus, P, =1 if V'€ V. Since U spans W, by Lemma 3.15, [W| = p2.

Lemma 3.18. (i) I=2.

@) Iwi=2.

(iii) V,, V, € V are conjugate in G.
) IfveV, v<g,,.

PrROOF. By Lemma 3.17, |W| = p? and so H C GL(2, p). Moreover, H
is doubly-transitive on the family of one-dimensional subspaces (I of W.

We claim that p does not divide |H|. Indeed, if p| |H|, since U] =1 +1>
3, either |U] =p or 1 + p. Thus, |V| < 1, a contradiction by Lemma 3.13.

Since [U| = 3, the subgroup of H fixing all elements of U fixes all one-
dimensional subspaces and is contained in Z(H). Thus, L = H/Z(H) is doubly-
transitive on (I. Since p [ |L|, the stabilizer in L of U € { is cyclic. Moreover,
if V€, sincep [ |H| and Cﬁ(V) is transitive on U, L has a cyclic regular sub-
group, and (1 + D)i(p — 1). Thus, L is a Frobenius group with cyclic kernel
and complement. By the local structure of PGL(2, p) and since 1 +12> 3,
H|ZH)= Sy and 1 = 2.

Now for each V¥ € |/, CH(V) induces the 3-element of L by restriction
to U and the three element of L fixes precisely two one-dimensional subspaces.
Thus, /] < 2. By Lemma 3.13, |/ = 2. Also any two element which inverts
the 3-element of S interchanges ¥V, and ¥V, and so V, and V,, are conjugates.

Since G,,,, C H and G, ,, fixes U, and U,, G, fixes all points of U and
so normalizes ¥, and V,, completing the proof of the lemma.

We now obtain a contradiction to N* N NY =1if x #y. Take M, =
CMx(Vl) and M, = CMx(Vz), V,, V, asin Lemma 2.18. Since V, and ¥,
are the only cyclic subgroups of W which centralize nonidentity elements of
M*, M* =M,M, and M; N M, = 1. Since ¥, and V, are conjugates and
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Cs(V,) is transitive on Fy ., M| =IM,|. Letm=|M,|. Sincel=2,X|=1+
2m? and IFyl=1+2m. Since C5(V,) is transitive on Fy., M, CCs(V))

and V, Q6G,,, (1+ Zm)mInylllNG(Vl)l. Thus

(1 +2m)m|G_ |11+ 2m2)(2m2)lnyl,

and so (1 + 2m)|(1 + 2m?)(2m). It follows that (1 + 2m)|(m — 1), a con-
tradiction.

From this contradiction and the remarks preceding Lemma 3.7, the first
two statements of the next lemma follows:

LEMMA 3.19. Theorem A follows if (withy € X — x):
(i) N* has a characteristic abelian subgroup K* with K} #1,0r
(ii) N* has a characteristic subgroup K* with K; cyclic of prime order,
K; a Sylow subgroup of K* and having a normal complement in K*, or
(iii) N* is of even order, N; abelian of odd order.

Proor. We need only prove (jii). By Theorem C, O,(V*) # 1. Suppose
P(x, y) is a Sylow p-subgroup of N3. Suppose first that P(x, ) fixes more than
two points. By Lemma 2.13, [Q,(Z(0,(N¥)), P(x, y)] = 1. Since

Q,ZO,W* ) IN*,  [PO, x), Q,ZO,OVN)] € Q,EZO0,N*)).

By Lemma 3.4, [P(y, x), Q,(Z(0,(N*)))] C P(x, y). Thus, [P(y, x),
Q,(Z(Q,(N*))] = 1. But by Lemma 3.3, N;(P(y, x)) C G,. Since 0,(N*)
is semiregular on X — x, we have a contradiction to O,(N*) # 1. Thus, P(x, y)
fixes only x and y.

Thus, NN «(Px, ) =Nj. By transfer theory, Ny is a Hall subgroup and
has a normal complement X* in N*. By Lemma 3.3, N?, acts without fixed
points on K* and is therefore cyclic. By (ii), (iii) follows.

4. (H, K, L) configurations.

DEFINITION. An (H, K, L) configuration consists of groups H, K, L with
H C Aut(K), L CK, and for all x € H¥, C(x) = L.

An (H, K, L) configuration is constrained if H 2 L.

With G and N* as in the last section, by Lemma 3.3, N} acts on N* and
foralfENY,f#1, CNx(f) =Nj. Since N3 and N}, are conjugate in G, we
have a constrained (M, N*, N;‘) configuration.

LemMMA 4.1. In an (H, K, L) configuration with L < K, we have

@) [H K] € Cx(L).

@) If [H, K] C L, H is abelian and isomorphic to some subgroup of L.
In particular, \H| < |L|.
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Proor. We use the three subgroup lemma [9, p. 19].

(i) Since H centralizes L, [H, L] = 1. Thus, [[H, L], K] = 1. Since
LK, [L, K] CL, and [[L, K], H] = 1. Thus, [[K, H],L] =1 and [K, H]
C Cx ().

(i) If [H, K] C L,since [L, H] = 1, [[H, K], H] = 1. Clearly, also
[[K. H], H] = 1. Thus, [[H, H], K] = 1. Thus, [H, H] centralizes K. Since
L C K, by the definition of an (H, K, L) configuration, [H, H] = 1.

Now take z € K — L. Since [H, z] < L, we consider the mapping x —
[x, z] from H into L. In general, [xy, z] = [x, z]” [y, z]. Ifx, y €H, [x, z]
€ Land [x, z]” = [x, z]. Thus, [xy, z] = [x, z] [y, z] and the mapping x —
[x, z] is a homomorphism. Since z € K — L, [x, z] = 1 implies x = 1, and
(ii) follows.

The following construction will be frequently used. In an (H, K, L) con-
figuration take P a Sylow p-subgroup of H and Q a Sylow p-subgroup of K
normalized by P. Set R=Q N L. Either R = Q, or we have a (P, Q, R) con-
figuration. Accordingly in the next several lemmas we study (P, O, R) configur-
ations with P, Q, R p-subgroups for some prime p.

LemMA 42. In a (P, Q, R) configuration P is abelian and isomorphic to
some subgroup of R. In particular, |P| < |R|.

Proor. Since P, Q, R are p-groups, we may take some P-invariant sub-
group R’ of Q such that |[R": R| =p. Then we have a (P, R’, R) configuration
with R < R' and [R', P} <R. By Lemma 4.1(ii), the rest follows.

LEMMA 4.3. In a constrained (P, Q, R) configuration:
() If D is a P-invariant subgroup of Q, either D C R or R C D.
(ii) R is an abelian normal subgroup of Q.

Proor. (i) If D is a P-invariant subgroup of Q, either D C R, or we have
a (P, D, D N R) configuration. By Lemma 4.2, |P| < [D N R|. Since |P| = |R|
by hypothesis, DN R=Rand R C D.

(ii) Since P= R, by Lemma 4.2, R is abelian. By (i), if C is character-
isticin 9, CC R or R C C. Let Z/(Q) be the largest member of the upper
central series for Q such that Z(Q) CR. Then R C Z,, ,(Q). Thus, R/Z(Q)
CZ(Q/Z(Q)) and Z(Q) CR,50 R Q.

LEMMA 44. In a constrained (P, Q, R) configuration:
() If R C Z(Q), R and P are elementary abelian.
(i) If [P, Q] C R, Q/R is of exponent p.
(ii)) Ifp=2and [P, Q] CR, then
(a) if R is elementary abelian, R C Z(Q);
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(b) if R is not elementary abelian, |Q : R| = 2, and all elements of
Q — R invert R.

Proor. Take z € Q — R such that [z, R): R| = p and P normalizes
(z, R). Then z acts on' P x R inducing an automorphism of the form (x, y)
— (x, 7(x) + ¢(»)), (x, ») €EP x R. Since Cp(z) = 1, the mapping x — 7(x)
is an isomorphism of P and R. Since z induces a mapping of order p, 7(x) +
(X)) + ...+ (P 11)x) + ¢P(¥) =y. Since this holds for all x and y, and
since x —> 7(x) is an isomorphism, 1 + ¢ + ...+ 9P~ =0. If z centralizes
R,thenyp=1andsop-1=0in R, and (i) follows.

If p =2, then ¢ =—1 and z inverts R.

(ii)) Suppose first that [P, Q] C R and R C Z(Q). By (i), P and R are
elementary abelian, Q/R acts on P x R (faithfully, as CQ(x) =R, if x € P¥),
and Q/R centralizes R and (P x R)/R. Thus, all elements of Q/R have qua-
dratic minimal polynomials, and so Q/R is of exponent p.

Now suppose only [P, @] C R and take z € @ — R. Then the mapping
which carries x € P into [x, z] € R is an isomorphism of P and R. Let B =
Cg(2) and take A to be the pre-image of B in P under the mapping x — [x, z].
Ifx €4, [x, z] ER and [x, z] commutes with x. Also, [x, z] € B=Cgx(z)
and [x, z] commutes with z. Thus, [x, z'] = [x, z]° [9, p. 19]. Thus,

[x, z'] €Bif x € A. Since A centralizes B, A normalizes (z, B). Since B cen-
tralizes z, (B, z) is abelian and (B, z) " R C Cx(2) = B. Thus, (B, z2) "R =B.
Then, we have a constrained (4, (B, z), B) configuration with [4, (B, z)] C B
and B.C Z((B, 2)). By the previous paragraph, z° € B. Thus, Q/R is of ex-
ponent p, proving (ii).

(ii) If p =2 and [P, @] C R, by (ii), Q/R is of exponent 2 and so
elementary abelian. By the first paragraph, every element x of Q — R inverts
R. Thus, if R is not elementary abelian [Q:R| = 2. If R is elementary abelian,
R C Z(Q).

LEMMA 45. In a constrained (P, Q, R) configuration with p odd and
P c¢yclic, |P| = p.

ProOF. Take a P-invariant subgroup R’ of Q such that R C R’ and
IR": Rl =p. Since P= R, R is cyclic. Then we have a (P, R', R) configura-
tion. By the classification of groups having a cyclic subgroup of index p
[9, p. 193], either R' is cyclic, or &, (R") is elementary abelian of order p*.
Lemma 4.5 follows quickly from this.

When p = 2, fairly precise information can be obtained.

LeEMMA 4.6. In a constrained (P, Q, R) configuration with p = 2, then:
(i) If Pis not elementary abelian, |Q : R| = 2 and all elementa of Q — R
invert R.
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(i) If Pl =2, Q is cyclic, dihedral, or generalized quaternion.
(iii) If P is elementary abelian, but not cyclic, then either
(@) R CZ(Q), [P, Q] CR, and Q/R is elementary abelian with

IQ/RI < IR|, or
(b) setting Q = Ny(PR), we have |Q: Q| = 2, and Q] = IRI?.

Proor. (i) If P is not elementary abelian, by Lemma 4.4(i), CQ(R) CR,
as otherwise we have a constrained (P, CQ(R), R) configuration. By Lemma 4.1(i),
[P, 0] C R. By Lemma 4.4(iii), the result follows.

(i) In the semidirect product PQ, [Pl =2 and Cyp(P) = PR. Thus, P-Q
is of maximal class and contains the four-group P-R. Thus, P-Q is dihedral or
quasi-dihedral, and (ii) follows.

(iii) We assume P is noncyclic and elementary abelain. Let Q = =Ny(P'R).
Then, Q/R is the centralizer of P on QO/R. Clearly, R C Q. By considering the
configuration (P, 0, R), it follows from Lemma 4.4(iii), that R C Z(Q), and
from Lemma 4.4(ii) that Q/R is elementary abelian.

Now Q/R acts on P x R and the centralizer of any nonidentity element
of O/R on P x R is precisely R. Thus, we have a (Q/IR, P x R, R) configuration
and, by Lemma 4.2, |O/R| < [R|.

Thus, if 0 = Q, (iii)(a) follows. We assume § C Q and show that |[Q: 0| =
2 and [Q] = [R[.

Take z € NPQ(PQ) - PQ. AsR is normal in Q by Lemma 4.3, zRz=! =R.
Set P'=zPz~!, Since PR<I PQ,as Q0 = Ny(P-R), also PR <A PQ. Since PR
is elementary abelian, so is PR. Since z € PQ = Npo(PR), PR # PR.

We claim that PR N PR =R and PPR = PQ.

Clearly, PR N PR =R (P N PR). Since if x € P¥, Cpy(x) = PR, and
since P N (P'R) is central in P'R as P'R is abelian, PN PR=1and PRN PR =
R. Then, since |P| = |P'| = |R],

IPPR| = |PR-P'R| = |R3| < |PQ| < IR3,

and so PPR = PQ and |PQ| = |R|>. Hence, |0| = |R[.

Next we claim that all involutions of PQ lie in PR or P'R. Let j be such
an involution. Thenj=abc,a €P, b €P,,c ER. Since R C Z(PQ) and R is
elementary abelian, it follows that ab is an involution and so ba = ab. Now if
@ # 1, Cpp(a) = PR. Since P' N (PR) = 1, it follows that b = 1. Thus,j =ac
or bc, and the claim follows.

Since R C Z(PQ) and if a € P¥, CPQ(a) = PR, it follows that if z € PR —
R, C, (z) PR.

Thus, if D is any elementary abelian subgroup of PQ and |D| = |R|?,
either DN (PR) DR and D= PR, or D C PR and so D = P'R. Thus, PR and
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P'R are the only elementary abelian subgroups of |PQ| of order [R[?.

It follows that any element z of Np,(PQ) — PQ interchanges PR and PR.
Thus, WPQ(PQ):PQI =2 _

We consider the action of P on Q/R. Each element of P centralizes Q/R
and |Q/R| = |R| = |P|. Moreover, if x € P, ICQ R eI < ICQ(x)I [6, p. 36].
Thus, if x € P¥ CQ /R(x) O/R. Setting Q' = Q/R and R' = Q/R, we have a
constrained (P, @', R') configuration. Since INP (PQ):PQ|=2,IN. PO (PR"): PR'|
=2. Since P is elementary abelian and |P| =4, it follows by induction that
Npy(PR') = PQ'. Thus, IQ: Q| = 2, proving (iii)(b).

We now return to the study of general (H, K, L) configurations.

LEMMA 4.7. Let K be a group, L a proper subgroup of K. Suppose for
all Ly CL, Ly # 1, we have Ny (Ly) C L. Then, K is a Frobenius group with
complement L.

DEFINITION. An (H, K, L) configuration is minimal if all proper H-in-
variant subgroups of K are contained in L.

LEMMA 48. In a minimal (H, K, L) configuration L < K.

Proor. If Ly C L, since [H, Ly] = 1, H normalizes Ny (L,). Since
(#, K, L) is minimal Ng(L,) =K or Ng(L,) C L.

Let L be the largest normal subgroup of K contained in L. Then, if M is
a subgroup of L with L C M, Ng(M) C L. By Lemma 4.7, K/L is a Frobenius
group with complement L/L. Since H normalizes the Frobenius kernel of K/L,
by the minimality L/Z = 1. Thus, L K.

PROPOSITION 49. In a constrained (H, K, L) configuration, either
(i) H is a Frobenius complement, or
(ii) H is abelian, or
(iii) H and K are Frobenius groups and L intersects the center of the
Frobenius kernel of K nontrivially.

Note. By (i), we mean that H is a Frobenius complement in some Fro-
benius group, not necessarily that it acts without fixed points on K.

PROOF. Assume neither (i) nor (ii) holds. Let K be a minimal H-in-
variant subgroup of K not contained in L. Set L=L N K. Then, we have a
minimal (H, K, L) configuration. Thus, L<I K.

If L=1, (i) holds. So assume L # 1.

By the minimality either C-(L) CLor C_(L) K. IfC. (L) CL,by
Lemma 4.1(i) and (ii), (i) holds. So we assume C_(L) K

We show first that K is a p-group.

First suppose that every prime divisor 7 of |H] also divides [K|. Then also
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rlIL|, as the Sylow r-subgroup of H centralizes an r-element of K. IfrJ |K:L1,
L contains a Sylow r-subgroup of K. Since L C Z(K), by Burnside’s transfer
theorem, K has a normal r-complement to the Sylow 7-subgroup of L, in con-
tradiction to the minimality of K. Therefore, also 7| |[K: Z|. Thus, if r® is the
highest power of r dividing H, it follows from Lemma 4.2 that r*||L]. Thus,
IH||IL|. Since LCL=H,L=L. Since L C Z(K), L and H are abelian.

Thus, we may assume there is some prime r dividing |H| but not |K|. If
X €H, |x| =r, since K is an r'-group, K/L(x) C. (x)/Z [9, p. 224]. Thus

(x) = 1. By Thompson’s theorem, K/L is mlpotent Since L € Z(K), K
is mlpotent By the minimality of K, K is a p-group for some prime p.

Thus, if neither (i) nor (ii) holds, all minimal H-invariant subgroups of K
which are not contained in L are groups of prime power order.

Set K=Q and L=R. Then, R C Z(Q) and since H acts irreducibly on
Q/R, O/R is elementary abelian. Let P be some Sylow p-subgroup of H. By
Lemma 4.2, P| < |R]. Since |R| divides IL| and IL| = |H], |P|=|R|. By Lem-
ma 4.4(i), P and R are elementary abelian.

If a # 1 is a p'-clement of H and a centralizes b # 1, b € P, {a) x (b} acts
on O, and {a) centralizes Co(®) = R. By Thompson’s A x B lemma [9, p. 1791,
a centralizes Q, a contradiction as CQ(a) = R. Thus for all x € P¥ , Cy(x)=P.

Since any p'-subgroup of H acts without fixed points on Q/R, it follows
that all p’-subgroups of H are Frobenius complements.

We show next that H has a nontrivial abelian normal subgroup. Assume
that this is not the case.

If p # 2, the Sylow 2-subgroup of H is cyclic or generalized quaternion,
and by the Brauer-Suzuki theorem [3] and the Feit-Thompson theorem, either
O(H) # 1 or O,(H)# 1. Thus,p = 2.

Then the Sylow 2-subgroup of H is elementary abelian and the centralizer
of each of its involutions. By a theorem of Suzuki [15], H = SL(2, 2%) for
some integer @ > 1. Then |R| = |P| = 2%. By Lemma 4.6(iii), IQ/R| < 2**1.
Since all elements of H of odd order act without fixed points on Q/R,

(2% - DI I(Q/R)¥*| and (2* + 1)|(Q/R)¥|. This contradiction shows that H
has an abelian normal subgroup 4.

First suppose A is not a p-group. Since all elements of A¥ act without
fixed points on Q/R as A4 is a p’-group, 4 is cyclic. Since P acts on 4 and no
p and p’ elements commute, P is cyclic and N (P) is a Frobenius group with
kernel P. Since Aut(4) is abelian and P N Cy(4) = 1, Ny (P) = P. By Bum-
side’s transfer theorem, P has a normal complement N in H. As no p and p’
elements commute, by Thompson’s theorem, N is nilpotent. Since N acts
without fixed points on Q/R, N is cyclic.

Since R and P are elementary abelian and P is cyclic, [R| = [P| = p. Since
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H acts irreducibly on Q/R, Q is extra-special or abelian. If Q is abelian, Q =
CoN) x [@, N1 [9,p.177]. Thus, Q=R x [Q, N] and [Q, N] is a P-n-
variant subgroup of Q. So P centralizes a nonidentity element of [Q, N], a
contradiction. Thus, Q is extra-special.

Since ICy;r(P)I < ICo(P)I =p, |Cy,gr(P)I =p. Since Q/R is elementary
abelian, |Q/R| < pP.

Let Q/R=0=0, ® 0, ® - - - ® Q,, where 0, is the sum of equivalent
minimal N-invariant subgroups of Q and the representations afforded by differ-
ent 0; and Q are distinct. Since [Q| <p?,k <p. Ifk=p, [Q;| =p for all i.
Since N acts without fixed points on Q;, [IV||p — 1. So P centralizes N, a
contradiction. Thus, ¥ <p. Since |P| = p, P fixes all Q.. Since Ca (P)# 1 and
i@ =p, 0 =0,, ie., all minimal N-invariant subgroups of 0 afford equiv-
alent representations of N. Regarding N then as a subgroup of the algebra of
linear transformations on @, the subalgebra generated by N is a field. Then P
induces an automorphism of this field of period p. Therefore, |Q| = pP. Since
Q is extra-special, Q/R is of even dimension and so p = 2.

Then H = §; and Q is a quaternion group. Since L =H, L =S§,.

We now determine the structure of the group K. Let j be the involution
of Q. We first show C () = Q.

Since H centralizes j, H leaves Cy(f) invariant. If 3||Cy ()], the 3-element
of H centralizes a 3-element of Cx(f) and L C G (j), contrary to L = S,. Thus,
Cx(7) is a 3'-group and N, the 3-subgroup of H, acts without fixed points on
Cx (DN). Thus,Ch (7)/¢) is nilpotent. Thus, Cy () is nilpotent. Now H acts
without fixed points on any 2'-factor of Cy(j). But H = S and S5 is not a
Frobenius complement. Thus, Cy() is a 2-group. If ¢ is an involution of H,
we have a constrained (¢), Cx(j), {)) configuration. By Lemma 4.6(ii), C ())
is cyclic, dihedral, or generalized quaternion. Since Cy(j) admits the nontrivial
action of a 3-element, Cx. (/) = Q.

By Brauer-Suzuki [3], K = O(K)Q. Since Cx () = @, O(K) is abelian.
Since each element of H acts on O(K) centralizing exactly a cyclic subgroup of
order 3, O(K) is a 3-group having at most three generators. Since Q acts on
O(K) and j fixes no points of O(K), O(K) is homocyclic on two generators [9,

p. 126]. Since the involution of H has centralizer on O(K) cyclic of order 3, O(K)
=74 ®Z, and X is the semidirect product of Z, @ Z, and Q, so (ii) holds.

Therefore, we may suppose that if K is a minimal H-invariant subgroup
of K not contained in L, X is a p-group and 0, (H) # 1.

Thus, H has an elementary abelian normal p-subgroup A. Since Cp(4) =
P, as P is abelian and no p and p' elements commute, P <J H. Moreover, H is
a Frobenius group with kemel P. Since there is only one prime r dividing |H]
such that O,(H) # 1, namely r = p, by the previous paragraph all minimal H
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invariant subgroups of K not contained in L are p-groups. Thus, p divides the
order of any H-invariant subgroup of K which is not contained in L.

Suppose H = PS, with S a Frobenius complement of P. Then, as L = H,
L =R-T, with T a Frobenius complement of R.

Take Ty C T, Ty # 1, and consider Ng(Ty). If pl INg(Ty)l, since Ng (T
is H-invariant, a p-element of H centralizes a p-element of Ny (T,) and so
Ng(T,) # 1, a contradiction to the fact that R+ T is a Frobenius group. There-
fore, Ny (T,) is a p'-group and Ny (T,) C L.

By Lemma 4.7, X is a Frobenius group with kernel N and complement T.
Since each direct factor of NV is H-invariant, N is a p-group. By Lemma 4.3 ap-
plied to (P, N, R), R AN and so R N Z(N) # 1. This completes Proposition 4.9.

REMARK. It is clear from the proof of Lemma 4.9 that the statment of
(iii) could be made more precise.

We determine next the structure of constrained (H, K, L) configurations
in which H is a nonabelian Frobenius complement.

o

LeEMMA 4.10. Let H be a nonabelian Frobenius complement. Let P be a
Sylow p-subgroup of H and suppose |P| = p. Then either

(i) N (P) is nonabelian, or

(i) H =SL(2, 3) x M, with p = 3, and M cyclic of order prime to 2 and 3.

Proor. All Sylow subgroups of H are cyclic or generalized quaternion.
All subgroups of order pg, p, q distinct primes are cyclic. Any involution lies
in Z(H). Thus if p = 2, N;;(P) = H is nonabelian.

Suppose N, (P) is abelian. By Burnside’s theorem, H has a normal p-com-
plement N. If g is an odd prime divisor of N, P normalizes some Sylow g-sub-
group Q of N. Since P centralizes £,(Q), P centralizes Q. Since Cy(P) is
abelian, N has a cyclic Hall 2"-subgroup M. Also, P normalizes a Sylow 2-sub-
group Q of M, and if P centralizes Q, N, and hence H is abelian. Thus Q is a
quaternion group, and [Ny (M): M| <4. Also p = 3. It follows that M <N,
as (IMl, 6) = 1. From the action of Pon @, N=Q x M and H = SL(2,3) x M.

LEMMA 4.11. In a constrained (H, K, L) configuration in which H is a
nonabelian Frobenius complement, L is a Hall subgroup of K.

PrOOF. Suppose not and let p be a prime dividing |L| and |K: L|.

Take P, a subgroup of H of order p and R a subgroup of L of order p.
By Lemma 4.5, if p is odd, P, and R, are Sylow subgroups of H and L.

We consider Ng(PyR,). Since Cx(PoR,) C L, and p|IK: LI,
PlINg(PyRy) : C(PyR,)I. Since Ny (PoR,) normalizes K N (PyR,) = R, and
PyR, is abelian of type (p, p), Nx(PoR)/Cx(PoR,) has a unique normal sub-
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group of order p. Take M the pre-image of this subgroup in N (PyR,). Clearly,
M:MNLl=pandMNLIM.

Now Ny (P,) normalizes P, and R ), and so N (PyR,), Cx(PyR,), and
M. If p = 2, then N(P,) acts trivially on M/M N L, and we have an (Vy(P,),
M, M N L) configuration with [Ny (P,), M] €M N L. By Lemma 4.1, Ny(P,)
is abelian. Since Py, C Z(H), as H is a Frobenius complement and H is non-
abelian, this is a contradiction. If p is odd, set P =P, and R = R,,.

Again, we consider the (Vy(P), M, M N L) configuration.

Suppose first that N, (P) does not act trivially on M/M N L. By Lemma 4.1,
CGMNLYIMNL. Since M:MNLl=p M=MNL)-C,MNL). Since
RCMNLNCy(MNL),asMNL=Cg(P-R), and since R is a Sylow sub-
group of M N L, as p is odd, it follows that C,,(M N L) contains a Sylow p-sub-
group Q of M. Thus, Q centralizes M N L and M =(M N L)+ Q. Therefore,
QCZ(M)and M=Q x 0,.(M).

Since Q char M, N, (P) normalizes Q and centralizes @ N L = R. We ob-
tain an (Vy(P), O, R) configuration. Thus, Q is elementary abelian and N, (P)
is a subgroup of the holomorph of P. Since N (P) is a Frobenius complement,
all of its subgroups of order pq are cyclic, and so N, (P) = P. But by Lem-
ma 4.10, it follows that H is abelian.

Thus, Ny(P) acts trivially on M/M N L. By Lemma 4.1, N, (P) is abelian.
Thus, H = SL(2, 3) x T, where T is cyclic. Ifj is the central involution of H,
then Ny (P)={j>x P x T and Cx(PR) = C; (PR) = Ny (P) = (k) x R x S, with
k), § € L and corresponding to ¢j} and T of H. Again we take Q a Sylow
p-subgroup of M. Since Q centralizes {k, it follows that Q has no more than
IS| = IT| conjugates in M. Thus, some element b # 1 of (> x T normalizes Q.
Then ¢b) x P acts on Q and the centralizer of each nonidentity element of
(b) x P is precisely R. By Thompson’s 4 x B lemma, a contradiction results,
and Lemma 4.11 follows.

Next we show that when H is a nonabelian Frobenius complement, L has
a normal complement in K.

LeMMA 4.12. In an (H, K, L) configuration, suppose N is an H-invariant
normal subgroup of K and (|H|, IN|) = 1. Then with the natural action of H
on K/N, we have an (H, K/N, LN/N) configuration.

LEMMA 4.13. Suppose K is a group and L a Hall n-subgroup of K. Sup-
pose that if Ly C L, Ly # 1, then

() Ny (Ly) is a Hall m-subgroup of Ny(L,), and

(ii) Ng(L,) has a normal n-complement.
Then, K has a normal n-complement.
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ProOOF. We use the following theorem of Brauer and Suzuki [2], [14].
(See also [6, p. 113].)

If L is a Hall 7-subgroup of K, then K has a normal n-complement if and
only if

(1) whenever two elements of L are conjugate in K, they are conjugate in L;

(2) if E is an elementary w-subgroup of K, then E has some conjugate in L.

We verify (1). First, suppose f; and f, are two p-elements of L which
are conjugate in K. Clearly, we may suppose f; and f, lie in some Sylow p-sub-
group P of K. By Alperin’s theorem [1], there is a sequence of Sylow p-sub-
groups Py, Py, .. ., P, and elements x; € Ny(P N P,) such that f{1¥2"r=f,.
Setg; =fy1""i, Then,g, g,, EPN P, and gfi+1 =g . By hypothesis,
N (PN P, ) is a Hall m-subgroup of Ny(P N P, ;) and Ni(P N P, )hasa
normal m-complement. By the theorem of Brauer and Suzuki, there is a Vi1 €
N (P NPy ,)such that g}i+1 =g, . It follows that fJ'1"7r = £, with
Yis+--5>¥, €L Thus, f, and f, are conjugate in L.

Suppose next that f; and f, are any two elements of L conjugate in K.
Take g, €{f}) and g, of prime order p and g, the conjugate of g, in (f,). By
the previous paragraph, as g, and g, are conjugate in L, we may assume g =
g,. Then £, and f, are conjugate in Ny (g,)). Since f,, f, €N, (g,)), as
before, f; and f, are conjugate in L. This verifies (1).

We verify (2). If E is an elementary m-group, E has some cyclic normal
subgroup (). We may take @ € L. Then E C Ny ({a)). Moreover, N, ({a)) is a
Hall n-subgroup of Ny ((2)) and has a normal 7-complement in Ny ((@)). Thus,
by the theorem of Brauer and Suzuki, some conjugate of E lies in N, ({a)) and,
hence, in L.

Lemma 4.13 follows.

LeEMMA 4.14. In an (H, K, L) configuration in which
(i) L is a Hall subgroup of K,
@) ILI1|HI, and
(iii) H is a nonabelian group,
L has a normal complement in K.

Proor. By induction. We let 7 be the set of primes dividing |L|.

First we prove that if K is any H-invariant subgroup of K, then L=L N K
is a Hall m-subgroup of K. Take P a Sylow p-subgroup of H and Q a Sylow p-
subgroup of K normalized by P. Set R =L N Q. Then either R = Q, or we
have a (P, Q, R) configuration. By Lemma 4.2, |P| < |R|. Since |L|||H| and L
is a Hall subgroup of K, |R| < |P|. Thus, R is a Sylow p-subgroup of K and so
R =Q. Thus, L is a Hall 7-subgroup of K.

Now if Ly C L, Ng (L) is H-invariant, and so N, (L,) is a Hall subgroup
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of Ni(Ly). By induction either Ng(Ly) = K, or Ny (L,) has a normal comple-
ment in Ng(Lg). Let L be the largest normal subgroup of K contained in L.
IfLC Ly CL,it follows that Ny (L,) is a Hall subgroup of Ni(L,) and has a
normal complement in Ny (L,). By Lemma 4.13 applied to K/L, L/L has a
normal complement in K/L.

Since the pre-image in K of this normal complement is H-invariant, we
may assume L = L.

Next consider Ci(L). If Cx(L) =K, as L is a Hall subgroup of K, by
Burnside’s transfer theorem, L has a normal complement. If Cf(L) C K, then
Z(L) = Cx(L) N L has a normal complement N in Cg(L). Then, N char Cy(L)
and so NI K.

If N # 1, we have an (H, K/N, LN/N) configuration by Lemma 4.12. By
induction on K/N, Lemma 4.14 follows.

So we may assume N =1, i.e., Cx(L) C L. But now by Lemma 4.1, H
is abelian, contrary to hypothesis.

Combining Lemmas 4.11 and 4.14 we have

ProPOSITION 4.15. In a constrained (H, K, L) configuration in which H
is a nonabelian Frobenius complement, L is a Hall subgroup of K and has a
normal complement in K.

By Lemma 3.5, in the notation of §3, N7 acts trivially on N N x(N;‘)/N",
ie., [NN x(N3), NY] SNJ. In order to gain information concerning the nor-
malizer of N}, in N*, we study constrained (H, K, L) configurations in which
L<K and [K, H] CL. Already, by Lemma 4.1, H and L are abelian. Also,
as [C ;) < IC (), IK/LI<ILI.

LEMMA 4.16. Let  be a set of primes and L an abelian normal n-subgroup
of a group K. Suppose B is a n'-subgroup of K such that L-B<K and Cc,(B)=1.

Let f be an automorphism of K which centralizes L and K/L. Then f is an
inner automorphism induced by an element of L.

PROOF. By the Schur-Zassenhaus theorem [9, p. 221], fBf ~! = aBa~!
for some a € L. Consequently, a~!f normalizes B and Ng(B). Moreover,
a~!f centralizes L and K/L, as both a and f do.

By the Frattini argument and the Schur-Zassenhaus theorem, K = LN (B).
Moreover, [a~1f, Ny (B)] €L N Nyg(B) = 1. Thus,a™'f centralizes L and
Nyg(B),and soa =f.

LEMMA 4.17. In a constrained (H, K, L) configuration in which L < K
and [H, K] C L, one of the following holds.
() H, K, L are p-groups.
(ii) L is a p-group and K a Frobenius group whose kernel is a p-group.
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(iii) K is a Frobenius group with kemel L.

(iv) For some prime p dividing L, there is a Sylow p-subgroup Q of K
such that K = L - Q and all elements of (Q/Q N L)* act without fixed points
on Op,(L).

PROOF. As remarked earlier, H and L are abelian. We first suppose that
H and L are p-groups. We prove some preliminary statements.

(A) Any p'-subgroup of K acts without fixed points on L.

If this is not the case, there is some subgroup T C K with |T|=¢q, q a
prime, ¢ # p, centralizing L, C L. Then in the subgroup LT of K, T has
IL: Lyl < |L|= |H| conjugates. Then some element b of H # fixes T. Since b
centralizes K/L, b centralizes T, a contradiction.

(B) K/L has no subgroup of order pq, q a prime, g # p, in which the
Sylow g-subgroup is normal.

Indeed, let L' D L, |L'/L| = pq, with L'/L g-closed. Let B be a Sylow
g-subgroup of L'. Then C;(B) =1 by (A). Since H centralizes L and K/L, by
Lemma 4.16, H acts on L' as a group of inner automorphisms induced by ele-
ments of L. Since |H| = |L|, some element of H centralizes the full Sylow p-sub-
group of L', a contradiction.

Consequently:

(C) No nonidentity p and p’ of elements of K commute.

Take 7 the smallest prime divisor of K/L other than p. If there is no such
r, (i) holds.

If r = 2, by (A) there is an involution j € K which inverts L. Again by (A),
Cx (L) is a p-group and so of odd order. Therefore, K = C¢(L)Cx (). By (C),
Cx () is a p'-group. Again by (C), K is a Frobenius group with kernel Cy(L)
and complement Cy(j), so (ii) holds.

If r > 2, by (A) the Sylow r-subgroup of X is cyclic. By (B), the Sylow
r-subgroup of X is normalized by no p element. Since 7 is the smallest prime
divisor of |K/L]| other than p, by Burnside’s transfer theorem, K has a normal
rcomplement. Repeating the process, K is p-closed. By the Schur-Zassenhaus
theorem and (C), X is a Frobenius group and (ii) holds.

We now suppose L is an arbitrary abelian group. We consider the action
of 0,(H) on K/O,,.(L). Since O,(H) = L/0, (L), by Lemma 4.12, we have a
constrained (O, (H), K/O,(L), L/0,.(L)) configuration. By the first part of
this lemma, it follows that the Sylow p-subgroup of K/Op,(L) is normal and
that K/Op'(L) is a p-group or a Frobenius group whose kernel is a p-group.

If for all p which divide |L|, (IK: L|, p) = 1, it follows that K is a Froben-
ius group with kernel L, and (iii) holds.

So we may suppose that for some Sylow p-subgroup Q of K, Q € L.
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Clearly, O may be chosen so that O, (H) normalizes Q.

We claim that all elements of (Q/Op (L))* act without fixed points on Op(L).
If this is not the case there is some @, a subgroup of @, such that Op(L) CQ,and
10y :0, (L) =p, and Qy/O,(L) centralizes Ly # 1, Ly CO,.(L). H normalizes
QL as it acts trivially on K/L, and O, (H) normalizes Q,, as it normalizes 0, Q,L,
and so Q N (QyL)=Q,. Now Q has IOP,(L) : Lyl conjugates in QOOP,(L). Thus
0, is fixed by some f€ Op.(H)#. Thus, (f) x Op(H) fixes Q. By Thompson’s
A x B lemma, a contradiction results, and the claim follows.

Now at most one prime divides both |L| and |K: L|. For if p, and p,
divide |L| and IK: L|, then K/0,,(L) is a p,-group or a Frobenius group whose
kernel is a p,-group. Likewise K/Opé (L) is a p,-group or a Frobenius group
whose kernel is a p,-group. Then both statements are true of K/L, which is
ridiculous.

We now claim that K = 00,,.(L), which will prove (iv). If this is not
the case K/Op.(L) is a Frobenius group, 00, (L)< K, and Q0,.(L) is a Hall
subgroup of K. By the Schur-Zassenhaus theorem there is a normal complement
B to QOP,(L) in K, and B may be chosen so that it normalizes Q. Then QB is
a Frobenius group.

By Lemma 4.12, we have an (0,.(H), K/Op(L), L/Op(L)) configuration.
Since L/0,(L) is a Hall subgroup of K/O,(L), by (iii) of this lemma K/Op(L)
is a Frobenius group with kernel L/Op (L). Thus, BOP,(L) is a Frobenius group.
It follows then that the Frobenius group (Q/Op(L)) *B acts on O),(L) and for
all x € (Q/0,(L) -B)*, Cop,(L)(x) = 1. Thus, B = 1, proving (iv).

By the remarks preceding Lemma 4.16, all the (H, K, L) configurations
we need consider satisfy [H, Ny (L)] C L. Moreover, as will be seen in the next
section, the only cases which create difficulty occur when the Sylow 2-subgroup
of H is noncyclic. Accordingly, we say that an (, K, L) configuration is of
type A if [H, Ng(L)] €L and H is an abelian group with noncyclic Sylow
2-subgroup. In the remainder of this section we study constrained (H, K, L)
configurations of type A. We shall show that either L < K, or K = SL(2, 2%),
with H, L elementary abelian of order 2°.

LeEMMA 4.18. In a constrained (H, K, L) configuration in which- H is
a noncyclic abelian group, any H-invariant subgroup of K either contains or is
contained in L. Moreover, Ny (L) O L.

PrOOF. It suffices to show that if K is a minimal H-invariant sub-
group of K and K € L, then L CK and Ne(L) D L. Set L=K N L. By
I.emma_ 48,L<K. Since H is noncyclic L i 1. If CK(L) C L, by Lemma 4.1,
HI<|L|<|L|=|H|,and so L=L and L C K. Moreover:_Nl_((f,_) D L.

Thus, by the minimality we may assume that CI-((L) =K. Suppose first
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some prime p divides |H| but not [K: L. If p||L|, as L C Z(K), by Burnside’s
transfer theorem, K has a normal p-complement, in contradiction to its mini-
mality. So p /ILl. Then, by Lemma 4.16, we have an (0, (H), K/L, 1) config-
uration, and so by Thompson’s theorem, K/L is nilpotent, and as L C Z(K), K
is nilpotent. By its minimality X is a r-group for some prime r. Since L #1
and L1 |H), rl H]. Clearly, 7 # 1. Then O,(H) x O,(H) acts on K, an r-group.
Thus, we have a contradiction by Thompson’s 4 x B lemma.

Thus, if pl| 1H], p| IK: L|. Thus, p| K| and so p||L|. But now, applying
Lemma 4.2 to each of the Sylow subgroups of H, it follows that |H] | L], and
so L= L. Thus, also NAL)D L.

In the following when an (H, K, L) configuration is under consideration,
P will denote a Sylow 2-subgroup of H and Q a Sylow 2-subgroup of K nor-
malized by P. Then R=Q N L. Asall (H, K, L) configurations we consider
will be constrained, by Lemmas 4.2 and 4.3, R=Pand R Q.

LEMMA 4.19. In a constrained (H, K, L) configuration of type A, Q C
Ny (L), and

(i) if P is elementary abelian, P C Z(Q), [Q, P] C R, Q/R is elementary
abelian, and |Q/R| < IR|, or

(ii) if P is not elementary abelian, |Q : R| < 2, all elements of @ — R
invert R.

PrOOF. First we show that Q C Ny (L). Set @=Ny(P-R). IfR=1L,
ie., L is a 2-group, since R4 Q, @ C Ng(L). So we may suppose O(L) # 1.

Consider Ng(P*R). Now Cy(P-R) <INy (P:R) and Cx(P-R) =1L, as
Cx(P) =L and L is abelian. Thus, Ng(P*R) C Ny (L). Next apply Lemma
4.17(iii) and (iv). Since O(L) # 1 and O,(L) # 1, Q/R is of 2-rank at most 1.
By Lemma 4.6, O/R is elementary abelian and so [Q: R| < 2. Again, by Lem-
ma 4.6, as R is noncyclic, @ = Q. Thus, Q C Ng(L).

Since [H, Ni(L)] €L, [P, Q] CR. By Lemma 4.6, the rest follows.

LeEMMA 4.20. In a constrained (H, K, L) configuration of type Aif L C
NC Ng(L)and N K, then LK.

ProoF. First, suppose O(L) # 1. Since also O,(L) # 1, it follows from
Lemma 4.17(iii) and (iv) that L is the only abelian subgroup of N of order
IL|. Thus, L char Nand LK.

Thus, we may suppose that L =R, ie., L is a 2-group. Also, H=P.
We consider two cases according as R is not or R is elementary abelian.

First, suppose R is not elementary abelian. By Lemma 4.19, |Q: R| < 2.
Considering the possible structures of Ny (R) = N (L) listed in Lemma 4.17,
we see that only (i) and (iii) can occur. In case (iii), R char N and so R< K.
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In case (i), it follows that R C N C Q. If N =R, we obtained the desired con-
clusion, and, as |Q: R| < 2, we may suppose Q =N and |Q:R| = 2. Moreover,
all elements of Q@ — R invert R.

If R is the only abelian subgroup of Q of index 2, then R char Q and
RJK.

Thus we may suppose Q has two abelian subgroups of index 2. Then,
some element of Q — R centralizes a subgroup of index 2 in R. Since the ele-
ments of @ — R invert R, it follows that R is abelian of type (4,2, 2, ..., 2).
Now if @ — R contains an involution, all elements of @ — R are involutions.
Then R is generated by the elements of Q of order 4, and so R char Q and R
K. Thus, we may assume all elements of Q — R are of order 4. Let (» = T, (R) and
b€ Q-R. Since all elements of Q — R invert R, all elements of Q — R have square
b2, If b% #j, b? is the square of |R| elements of Q and j the square of |R|/2 ele-
ments of Q. Thus, any automorphism of Q fixes 52 and j, and so permutes the ele-
ments of R — Q,(R) among themselves. Since R is generated by R — Q,(R),
R char Q and R< K.

Thus, we may suppose b2 =j. Then, 0 =0, x A, where @, is a quater-
nion group and 4 is elementary abelian. Now, 0/Q,(Q)=Z, x Z, and
Q,(@Q<K. Thus, Cy 2 l(Q)(Q/Ql(Q)) = (Q/Q,(Q)) x M, where M is of odd
order. Since Q and Q,(Q) are P-invariant, it follows that M and its pre-image
in K are P-invariant. But the pre-image of M in K does not contain R. It fol-
lows by Lemma 4.18 that M = 1. Since Q < K, it follows either that K = Q
and R K, or K/Q,(Q) = A4,.

Suppose K/, (Q) =T = A, and set V = Q/Q,(Q). Since [K, K] isa
P-invariant subgroup of K and [K, K] covers ¥, by Lemma 4.18, R C [K, K],
and so [K, K] = Q. Thus, a 3-element of K centralizes only ¢} C 2,(Q). Now
Q,(R)=¢(> x A and 4 # 1, as P is noncyclic. Since P acts trivially on Q,(0),
P normalizes the action of T/V on ©,(Q) and T/V acts nontrivially on 2,(Q),
it follows that P centralizes T/V. Thus, P induces on T a 2-group of auto-
morphisms which centralizes T/V. By the structure of Aut(4,) it follows that
P centralizes ¥, V = Q/Q,(Q). It follows that P leaves invariant some subgroup
of @ which does not contain R nor is contained in R, a contradiction by Lem-
ma 4.18.

Thus, it follows that if R is not elementary abelian, R<I{ K. So we may
suppose next that R is elementary abelian. By Lemma 4.17(i), (ii), and (iii),

N (R) is a 2-group or a Frobenius group whose kemel is a 2-group. Thus, N
C Qor @ CN. Since we wish to show that R < K, it suffices to prove this
when N=0,(K). TusRCNCQ.

IfR C Q, C 0, we let My = O(N(Q,)/Q,) and M, be the pre-image
of My in Ny(Q,). We first show that M, C Ny (R). Now by Lemma 4.19, P
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acts trivially on Q/R and so P normalizes Q. Thus, Ny (Q,) is a P-invariant
subgroup of K and O(Ng(Q,)/Q,) is a P-invariant subgroup of Ny (Q,)/Q,-
Since P is noncyclic, OV (Q,)/Q,) = A_'Io =(Cy. o(j) Ij € P¥). Let T; be the pre-
image of Cgz,()) in My. Then M, =(T;|j € P¥),

If j € P*, T; normalizes Qy and (j, Q). If Qg = R, then T} normalizes R
and so T; C Ng(R). If R C Q, Z(¢j, Qy)) =R, as R C Z(Q) and CQ(j) =R
Again, T; normalizes R and T; C Ng(R). Thus, M, =(T;|j € P¥) C Ny (R),
and the first claim is proved.

In particular, as Q is a Sylow 2-subgroup of X, it follows that N,(Q) C
Ng(R). Since by Lemma 4.17, Q <INy (R), N (Q) = Ng(R). Thus,if N=Q,
the lemma follows.

Then if N C Q, by Lemma 4.19, /N is elementary abelian, and by Lem-
ma 4.17, N (Q)/N is either Q/N or a Frobenius group with kernel @/N. If z
is an involution in Q/N and Q, the pre-image of z in Q, then the pre-image of
ONg(Qy)/Q,) in Ng(Q,) is contained in Ng(R). Thus, O(Cy /N(z))gNK(R)/N =
Ny (Q)/N. Therefore, O(Cx /N(z)) =1,

Since Ng(Q)/N is either Q/N or a Frobenius group with kernel Q/N, the
normalizer of Q/N in Cy /N(z) is Q/N. Since also O(Cy N@) =1, Q/N con-
tains the centralizer of each of its involutions in K/N. By a theorem of Brauer-
Suzuki-Wall [4], either /N <1 K/N or K/N = SL(2, 2%). In the first case, K =
Ny (Q)=Ng(R) and R< K.

When K/N = SL(2, 2%), P acts trivially on N, (Q)/N (as it acts trivially
on N (Q)/R), and so P centralizes the normalizer of a Sylow 2-subgroup of
SL(2, 2%). Hence, P centralizes K/N. Thus PN <l PK.

If N =R, of course, R K. IfRCN, Z(P-N) =R, and again R<I K.
This completes the proof of Lemma 4.20.

LemMA 421. In a constrained (H, K, L) configuration of type A, if
IK: L| is odd, either L<I K, or K = SL(2, 2%), |H| = |L| = 2.

ProOF. By hypothesis, the Sylow 2-subgroup R of L is a Sylow 2-sub-
group of K.

By Burnside’s transfer theorem, Cyx(R) =R x O(Cx(R)). Since PC H
is noncyclic and acts on O(Cx(R)), O(Cx(R)) C L. So C(R) C L. Since L
is abelian, Cx(R) = L, and as Ci(R) <A Ng(R), N (R) = N (L).

By Lemma 4.17, Ny (L)/O(N (L)) is a 2-group, or a Frobenius group
whose kernel is a 2-group. Also, Ny (L)/O(Ng (L)) = Ng(R)/O(Ng (R)). Thus,
if z € R is an involution, the normalizer of R in Cy(z) centralizes R. Thus,
by Burnside’s transfer theorem, Cy(z) = RO(Ck(2)). Then O(Cy(2)) is an
H-invariant subgroup of K, and L < O(Ck(2)), so by Lemma 4.18, O((Cx(2))
C L. Thus, Cx(z) C L.
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Thus, L is an abelian subgroup of K of even order and L contains the cen-
tralizer of each of its involutions. By a theorem of Feit [7], either L < K or
K=SL(2,2%), H|=IL|=2%

We now prove, by induction, that in a constrained (H, K, L) configuration
of type A, either L < K, or K = SL(2, 2%), |H| = |L| = 2%. To simplify the
statement of the lemmas, assume K is a minimal counterexample. By Lem-
ma 4.21,R C Q.

Lemma 4.22. If K is a proper H-invariant subgroup of K, then L < K,
ifKQL

PROOF. Already, by Lemma 4.18, L C K. If L is not normal in K, by
the minimality of K, K = SL(2, 2%), |H| = |L| = 2%. Then We(L) 1= 2%2% - 1).
Since [Ny (L), H] €L, INg(L)| <IL? =2%*. Thus, Ng(L)= Ng(L). Thus,
N, (R) =R, and R = Q, contrary to hypothesis.

LEMMA 4.23. Let L be the largest normal subgroup of K contained in L.
Then:
(i) Lczk).
(i) L=1, or L is an elementary abelian 2-group.
(iii) K/L is semisimple and [K, K] =K.
(iv) LCR.
() IfL CLyCL, Ng(Ly) SNg(L). IFLCM CNg(L),Np(M) TN (L).

ProoF. (i) Clearly, CK(Z) is an H-invariant subgroup of K. If CK(Z) #+
K, then by Lemma 4.22, C (L) € Ny (L). Since then L C Cx(L) C N(L)
and Cx (L) <1 K, by Lemma 4.20, L < K, contrary to hypothesis. Thus, L CZ(K).

(i) Suppose L # 1. By Lemma 4.17, |L| has at most one prime factor,
as L C Z(K). Again by Lemma 4.17, if [L| is odd, L contains a Sylow 2-sub-
group of K and R = Q, contrary to hypothesis. Thus, L is a 2-group. Since
L C Z(K), by Lemma 4.19, L is elementary abelian.

(iii) Let C be a minimal characteristic subgroup not 1 of X JL and C its
pre-image in K. If C' # K, by Lemma 4.22, C' C Ny(L). Then, by Lemma 4.20,
L <K, contrary to hypothesis. Then C = K/L and K/L is either elementary
abelian, or semisimple. If K/L is elementary abelian, since L C Z(K), K is nil-
potent. Since any direct factor of K is H-invariant, K is a 2-group. Then by
Lemma 4.18, L and also H are 2-groups. But then L=R<1Q =K, contrary
to hypothesis. Thus, K/L is semisimple.

Then [K, K] is an H-invariant subgroup which covers K/L, and [K, K] <
Ny(L),as LA K. SoK = [K, K].

(v) fL=R, R K. We may assume R # L. Since R = L C Z(K), by
Lemmas 4.17 and 4.19, |Q:R| = 2. Thus, K/R has a normal 2-complement, in
contradiction to (iii).
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(v) Both Ng(L,) and Ny (M) are H-invariant. Ng(L,) # K, by definition
of L. Ng(M) # K by Lemma 4.20. By Lemma 4.22 the rest follows.

LEMMA 424. N (Q)=Qif IQ:R| =

ProoF. If R =L, by Lemma 4.17, Ny (R) = Q. Then, by (v) of Lem-
ma 4.23, N (Q) = Q. So we may suppose O(L) # 1. Then by Lemma 4.17, Q
is a self-normalizing subgroup of Ny (L).

By Lemma 4.23(iv) and (v), Ny (R) € Ng(L). As R char L, Ny (R) =
Ng(L). Thus, Np(Q) N Ng(R) = N (Q) N Ng(L) = Q.

We consider the (P, Ny (Q), R) configuration. Since L N Ny (Q) = R, this
is possible. Since the normalizer of R in Ny (Q) is Q and [P, Q] C R, we have
a constrained (P, Ng(Q), R) configuration of type A. Now N, (Q) C K, as Q
is self-normalizing in NVy(L). So by induction R <A Ny(Q). Thus, Ni(Q) €
Ny(R) and Ny(0) = Q.

LEMMA 4.25. Let G be a simple group with dihedral Sylow 2-subgroup.
Let G* be a nonsplit central extension of G by an element of order 2. Then
G* has generalized quaternion Sylow 2-subgroup.

This can be proved directly by standard fusion arguments.

We now obtain a final contradiction to our assumption that K is a mini-
mal counterexample. Set L= R, the largest normal subgroup of K contained in
L. Then, R C R (Lemma 4.23(iv)). We divide the analysis into two cases.

Case A. In this case we suppose |Q:R| =2. By Lemma 4.17, INg(L): LI
= 2. By Lemma 4.19, all elements of Q — R invert R.

First suppose R/R is cyclic. Since |Q:R| =2 and all elements of @ — R
invert R, Q/R is dihedral or generalized quaternion. Since K/R is semisimple
(Lemma 4.23(iii)), it follows from the Brauer-Suzuki theorem that Q/R is not
generalized quaternion. Thus, Q/R is dihedral and, as K/R is semisimple, it is
simple. Take b € Q — R. Since b inverts R, all elements of Q — R have square
b%. Since Q/R is dihedral, b2 €R.

If (52) C R, we may choose R, C R, IR :Ryl=2and b2 ER,. Since
[X, K] =K, [K/R,, K/R,] =K/R,. Then K/R, is a central extension of
K/R, a simple group having dihedral Sylow 2-subgroup by an element of order
2. By Lemma 4.25, Q/R, is generalized quaternion, in contradiction to 5% € R,.

If (b2) = R, since b inverts b2, |R| < 2. Then by Lemma 4.25, Q is gen-
eralized quarternion if |R| = 2, or Q is dihedral if IRl =1. In either case, R
is cyclic, contrary to hypothesis.

Thus, we may assume R/R is not cyclic.

Next we show that R/R is a T.I set in K/R. Suppose for some x €K,

R +#R* and RNR* DR. Then R N R* < L*, as L* is abelian. By Lem-
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ma 4.23(v), L* C Ng(L). Since R* # R, L* # L. Since INy(L):L| =2,

Ny (L) has two abelian subgroups, L and L*, of index 2. By Lemma 4.17, it
follows that L is abelian of type (2,2,...,2)or (4,2,2,...,2). Thus also,
L =R. In the first case @ is abelian, and we have a contradiction using Burn-
side’s transfer theorem and Lemma 4.24. In the second case, R N R* = Q,(R),
as otherwise some element of Q — R would centralize an element of R of order
4. Thus, @ — R contains an element of order 4 and so no involutions. Now
Z(Q) = Q,(R) and N(Q) controls the fusion of elements of 2,(R). By Lem-
ma 4.24, Ny (Q) = @, and so no elements of 2, (R) fuse. Since @ — R con-
tains no involutions, all involutions are isolated. By Glauberman’s Z*-theorem
(and as O(K) = 1, by Lemma 4.23(ii), (iii)), R = Q,(R). Thus, R/R is cyclic,

a contradiction to what we have already proved.

Thus, if R # R*, R N R* =R.

Suppose now for some x € K with R # R* we have R N @* D R. Since
RNR* =R and IQ%: R*| =2, |R N Q*: R|=2. Thus, there is an element b
with b2 €R and b € R N (Q* — R*). Since all elements of 0¥ — R* invert
R*, it follows that b centralizes Q,(R*/R). Let T* be the pre-image of
Q,(R*/R) in K. Then T* normalizes (R, b). Since R C (R, b) C R, by Lem-
ma 4.23(v), T* C Ng(L). Since INy(L):L| =2, |T*: T* N L|=2. Since
T* CR* and R* NR =R, |IT*/R| = 2. Therefore, Q,(R*/R) is cyclic, and
so R*/R is cyclic, a contradiction by the first paragraph.

Thus, if R # R*, R N @* =R. It follows that no element of Q/R — R/R
has a conjugate in R/R.

Now if Q/R is abelian, since N, x(Q) = Q (Lemma 4.24), we have a con-
tradiction by Burnside’s transfer theorem and Lemma 4.23(iii). If Q/R is not
abelian, then as all elements of Q — R invert R, Z(Q/R) = QI(R/E). Since
Ny /E(Q/E) controls the fusion of elements of Z(Q/R) and since N (Q) = Q,
no elements of Z(Q/R) fuse. Thus, by the previous paragraph, all involutions
of Z(Q/R) are isolated. By Glauberman’s theorem, we get a final contradiction.

Case B. In this case, we suppose [Q: R| > 4. By Lemma 4.19, R and
Q/R are elementary abelian and R C Z(Q). By Lemma 4.17, L =R. By Lem-
ma 4.23(v), Ng(Q) C Ng(R) and by Lemma 4.17, Ny (Q) = Ng(R).

First, we suppose that N.(Q) = Q. Since N(Q) controls the fusion of
elements of Z(Q), no elements of Z(Q) are fused. Thus, either all elements of
R are isolated, or some involution ¢ € Q — R fuses into R. If all elements of
R are isolated, by Glauberman’s Z*-theorem, R <] K, contrary to hypothesis.
Thus, some ¢t € Q — R fuses into R. Then, ¢t € R* for some x € K and R* #
Rast€R. Sincet € R, t €R. By Lemma 4.23(v), N ((* ™!, R) C Q.
Thus, N (¢, RY) C *. Since R C Z(Q) and ¢ € Q, ¢ centralizes R. Thus, R
normalizes (¢, R) and R C Q. Since 0*/R* is elementary abelian, RR* < Q%.
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Also, R centralizes R* as R* C Z(Q*). Since Q = Ng(R),RR* CQ. ThenR C
RR* C Q and by Lemma 4.23(v), 0* C Q0. Thus, 0* = Q and R* = R, contrary
to hypothesis.

Next, suppose Ng(Q) O Q. By Lemma 4.17, Ny (Q) is a Frobenius group.
Since R C Z(K). R=1.

If for some x €K, R N R* # 1, then R N R* C Z(Q*), as R* C Z(Q%).
Thus, R N R* < @%. By Lemma 4.23(v), Ng(R N R*) C Ni(R) and N (R) is
a Frobenius group with kernel Q. Thus, 0¥ C Q. Since Ng(Q) =Ng(R), R* =
R. Thus,R NR* =1if R # R*.

Next suppose for somex EK, RN Q* #1. TakejERNQ*,j# 1.
Then j centralizes R*. By Lemma 4.23(v), Cx(j) € N (R). Thus, R* C Ng(R),
and as Ng(R) is a Frobenius group with kernel Q, R* C Q. Since RN R* =1,
if R # R*, and |Q| < IR[>, RR* = Q. Since also [Ng(R), P] C R, INx(R)I <
IRI%. Thus, @ = Ng(R), contrary to hypothesis. Thus,if R N Q* # 1,R = R*
and @ = @*.

Thus, if z is some involution of Q — R, z is not fused into R. We study
Cx ().

Since R € Z(Q), R € Ci(z). Take T a Sylow 2-subgroup of Cx(z) con-
taining (R, z). Then T is contained in some Sylow 2-subgroup @* of K. Since
RCQ*, 0*=Q. Thus, TC Q. Since R C T C Q, by Lemma 4.23(v), Ny (T)
C Ng (D).

Thus, since Ny (Q) is Frobenius group with kernel Q, NcK(z)(T) =T. Now
R C Z(T) and N, X (z)(T) controls the fusion of involutions of Z(T) in Cy(2).
Since no involutions of R fuse into @ — R (and hence T — R), all involutions
of R are isolated in Cx(2). Since R is noncyclic, O(Cx(2)) C{Cx()]j E R#),
By Lemma 4.23(v), C (/) € O, if j € R¥. Hence, O(Cx(z)) = 1. By Glauber-
man’s Z *-theorem, R < Cy(z). Thus, Ci(z) C Ng(R) and since Ny (R) is a
Frobenius group, Cx(z) C Q.

It follows that N(Q) is a strongly embedded subgroup of K. By a stan-
dard argument (see, for example, [9, p. 306] ), K has a single class of involutions.
Since N (Q) controls the fusion of elements of R, Ny(Q) is transitive on the
elements of R¥. Thus [Nx(Q): QI > IR| — 1. Since [Nx(R), P] C R, IN¢(R):
R| < |R|. Thus, R = Q, contrary to hypothesis.

Thus, we have proved

PROPOSITION 4.26. In a constrained (H, K, L) configuration in which
(i) H is an abelian group whose Sylow 2-subgroup is noncyclic,
@) [# Ne@) CL,

then either LK, or K = SL(2, 2%) and |H| = |L| = 2°.

5. Completion of the proof of Theorem A. In this section, G is a doubly-
transitive group on X, x € X, N*< G,.. As usual, N” is the unique conjugate
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of N* which lies in G,. We assume N*NNY =1ifx #y,and N;,‘ # 1, if
Y €X — x. We complete the proof of Theorem A.

By Lemma 3.3, we have a constrained (N2, N*, N}) configuration. By
Propositions 4.9 and 4.15, we have either

(1) N* is a Frobenius group with kernel K* and Z(K*) N Nj#1, 01

(2) A7} is a nonabelian Frobenius complement and a Hall subgroup of N*.
Moreover, NJ’,‘ has a normal complement K* in N*, or

(3) N is abelian.

In both (1) and (2), K* char N* and K* <1 G,.. In (1), by Lemma 3.19(j),
Theorem A follows. In (2), by taking M* a minimal characteristic subgroup of
N* which properly contains K*, the hypotheses of Lemma 3.19(ii) are satisfied
and Theorem A follows. Thus, in the remainder of this section we confine our
attention to the case in which Nj,‘ is abelian. Also, as we may replace N* by
any characteristic subgroup K* with K; # 1, we may assume that any proper
characteristic subgroup of N* in N* is semiregular on X — x.

LEMMA 5.1.  If N* has a nonidentity abelian normal subgroup, Theorem A
follows.

ProOF. We may take A* # 1 an abelian characteristic p-subgroup of N*,
and A* semiregular on X — x.

We first claim that if f € N2, x #y, f # 1, then CAx(f)= 1. Indeed,
by Lemma 3.1, C5(f) € G,,. Thus, C,(f) c4j=1

Thus, it follows that N is cyclic and p [ IN}|.

Next, suppose B C N, B # 1. We claim: C '4x(B) = 1. Clearly, it suffices
to prove this when B is an r-group for some prime r. Since NJ’,‘ is cyclic, by
Lemma 3.6, N, »(B) = Ny x(NV3). Thus,

C,xB) =Ny x(B) N A% =N, (N N 4% =C,, (V).

Thus, it suffices to prove C Ax(N;,‘) =1.

Since N acts on N* and centralizes Ny, N} normalizes N yx@V3) and
C,xWV3). Thus, [N}, C, (NV;)] € A*. On the other hand, by Lemma 3.5,
[V, NNx(N}’,‘)] QN;‘. Thus, [N}, C,x N C A% NNy =1.

Since C,x(N)) = 1, it follows that C x(V}) = 1, and the second claim
follows.

Next we show that N;f is a Hall subgroup of N*. Let P be a Sylow r-sub-
group of N}, R a Sylow r-subgroup of NJ and Q a Sylow r-subgroup of N*
normalized by P and containing R. Assume Q D R.

Then Npy(2,(P) x Q;(R)) D P-R. Since CPQ(Ql(P) x Q,R))=P-R
and since ©,(R) < Npo(§2,(P) x 2,(R)), it follows that all cyclic subgroups
of 2,(P) x &,(R) — Q,(R) are conjugate. Since Q,(P) and 2, (R) are conjugate,
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all cyclic subgroups of 2,(P) x £,(R) are conjugate.

But we have seen that no nonidentity elements of N}’f and N;’ ,VEX - x,
centralize nonidentity elements of 4*. Hence, £,(P) x &,(R) acts on A* and
no element of (2,(P) x QI(R))# centralize elements of (4%)¥, a contradiction.

Thus, Ny is a Hall subgroup of N*.

Now if Njf is of odd order, Theorem A follows by Lemma 3.19(iii). If
INJ1 is even, as N7 is cyclic and contains a Sylow 2-subgroup of N*, the Sylow
2-subgroup of N* is cyclic. Thus, by Burnside’s transfer theorem and the
Feit-Thompson theorem, N* is solvable.

Let 7 be the set of primes dividing IV}|. Then, O,.(N*) # 1 and as
Op #IN*) NNG # 1, Opiy(N*) = N*. Thus, N* = O, (N*)N3.

By the minimality of N*, N)’f is cyclic of prime order, and the hypotheses
of Lemma 3.19(ii) hold. Thus, Theorem A follows.

LEMMA 52. If IN;‘I is odd, Theorem A holds.

This follows from Lemma 3.19(iii).

In the remainder we may assume NJ’,‘ is abelian of even order. By Lem-
ma 5.1, either Theorem A holds, or OV*) = 1 and O,(N*) = 1. We assume
ON*) =1 and 0,(N*) =1 and derive a contradiction.

Take K* a minimal characteristic subgroup of N*. Then K* is of even
order and if K;,‘ =1, by Theorem C(ii), 0,(K*) # 1, and so O,(N*) # 1. Thus,
K"y # 1. Thus, by the minimal choice of N*, N* = K*, and N* is semisimple.

LEMMA 53. The Sylow 2-subgroup of N; is not cyclic.

PrOOF. Suppose the Sylow 2-subgroup of N,’,‘ is cyclic. Let T(x, ) be
the unique subgroup of NJ’,‘ of order two. By Lemma 1.8, the family of sets
{T(x, )} (with T'p(x, ¥) = FT(x'y)) forms a block design on X preserved by
G. We denote this block design by B.

Ify € X — x, let P be a Sylow 2-subgroup of N}, R a Sylow 2-subgroup
of N and Q a Sylow 2-subgroup of N* containing R and normalized by P.
Then, Q D R, as N* is semisimple. So we have a (P, Q, R) configuration. By
Lemma 4.6(i) and (ii), Q is cyclic, dihedral, quasi-dihedral, or generalized quater-
nion. Since N* is semisimple, Q is dihedral or quasi-dihedral and N* is simple.

From the structure of @, No(T(x, Y)T (v, X)) D Np(T(x, »)T(», x)), and
so all involutions of T'(x, ¥)T(», x) — T(x, y) are conjugate. Since T(x, ¥)
and T(y, x) are conjugate, all involutions of T'(x, y)T (¥, x) are conjugate in G,
and each has fixed point set I'y(x, ).

By the structure of the Sylow 2-subgroups of N*, N* has one class of
involutions. Thus, all involutions of N* fix at least two points.

Next, we note that if j € N* is an involution, X is the union of blocks
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of B fixed by j. Clearly, x belongs to such a block. If y #x is fixed by j, y €
B(x, y), and B(x, y) is fixed by j. If y is not fixed by j, then y € B(y, j(»)),
and B(y, j(»)) is fixed by j.

We claim: If j € N* is an involution, then j fixes all blocks which contain
x. By the previous paragraph, it suffices to show that any block fixed by j con-
tains x.

Let B be a block fixed by j. If j fixes a, b € B, j normalizes T(a, b), and
as |T(a, b)| = 2, centralizes T(a, b). Since j € N*, by Lemma 3.1, T'(a, b)
fixes x. Since B =F @by X €B. If j interchanges a, b € B, j normalizes
T(a, b)T(b, a). Since T(a, b)T(b, a) = Z, x Z,, j centralizes an involution z
of T(a, b)T(b, a). By Lemma 3.1, z fixes x. Since B is the fixed point set of
z,x €EB.

So every involution of N* fixes all blocks which contain x, By the sim-
plicity of N*, N* fixes all blocks which contain x.

But now if B = I';(x, y), N* fixes the set B and T(x, y) C N* fixes all
points of B. Since N* is simple, N* fixes all points of B, and so at least two
points, a contradiction.

Thus, N;,‘ has noncyclic Sylow 2-subgroup. By Proposition 4.26, either
N; < N*, or N* = SL(2, 2%), and W)’fl = |VY| = 2%. Since N* is semisimple,
N* = SL(2, 29).

We let B be the block design {I'y (4, v)} . Since N; is a Sylow 2-subgroup
of N*, by the Frattini argument, G, = Ng (N;)N*. If B =Ty (x, y), Ng (V)
fixes B. It follows that N* is transitive on the blocks which contain x. Now
the subgroup of N* fixing B is N, x(V}). Thus, there are exactly 1 + 2% blocks
of B containing x.

Suppose [B| =1+ 1 By Lemma 1.1(iii), 1 +7<1 + 2%, and so I < 2%.
On the other hand, Vg (V})/Nj| =2% — 1 and Ng (N})INy acts without fixed
points on B — x. Thus, (2* — 1) divides I. It follows that 7 = 2% — 1.

Thus, IX| =1 + (2% — 1)(2* + 1) = 2% and |B| = 2°. It follows that
(X, B) is an affine plane with 2-transitive automorphism group. Hence, G has
a regular normal subgroup by [12]. By Lemma 3.7, we obtain a contradiction,
and hence Theorem A.
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